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Abstract. By modifying the method in |KNOj . certain affine geometric crystals are realized in affiniza- 
tion of the fundamental representation W(zdi)i and the tropical R maps for the affine geometric crystals 
are described explicitly. We also define prehomogcneous geometric crystals and show that for a posi- 
tive geometric crystal, the connectedness of the corresponding ultra-discretized crystal is the sufficient 
condition for prehomogencity of the positive geometric crystal. Moreover, the uniqueness of tropical R 
maps is discussed. 
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1. Introduction 

An R-matrix appears as a solution to the Yang-Baxter equation, which is a key to solve intcgrable lat- 
tice models in statistical mechanics. To understand R-matrices representation theoretically Drinfcld |Dlj 
and Jimbo [J] introduced the quantized universal enveloping algebra. Once its representation theory is 
established, an R-matrix is interpreted as an intertwiner between the tensor product of finite-dimensional 
modules and the one with the order of the tensor product being reversed. In [KMNlj . |KMN2| the no- 
tions of finite-dimensional modules and R-matrices acquired a combinatorial version by using the theory 
of crystal bases. In the papers, the objects, perfect crystals and combinatorial R-matrices, are introduced 
and play an important role to show that some physical quantities for particular vertex-type solvable 
models are equal to affine Lie algebra characters. Combinatorial R-matrices also play an essential role in 
some integrable cellular automata |HKOTY] . 

The notion of geometric crystals for semi-simple algebraic groups has been initiated by Berenstein and 
Kazhdan BK], and it is extended for Kac-Moody groups in |N1| . Geometric crystals arc constructed 
on some geometric objects, such as algebraic varieties, and has an analogous structure to crystals. The 
relation between crystals and geometric crystals is not only a simple analogy, but also a more direct 
functorial connection, called ultra-discretization/tropicalization. Indeed, in |Nlj . the geometric crystals 
on Schubert varieties of the corresponding Kac-Moody group arc ultra-discretized to certain crystals (see 
12. 3[) . Applying this result, we constructed for an affine Lie algebra g the affine geometric crystal V = V(g) 
in the fundamental ^-representation W(wi) in |KNOj . Ultra-discretizing the geometric crystal V(g), we 
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obtained the limit of the coherent family of perfect crystals -Boo(fl L ) where g L is the Langlands dual of g 
(see [KKMp . 

A tropical R map is an analogous object to the set-theoretic R ( |D2j ) and defined as follows (see $9]): 
For a family of geometric crystals X := {X\}\ & a (parametrized by A € A) with a product structure, a 
birational map R\^ : X\ x X^ — > X^ x X\ (A, fx £ A) is said to be a tropical R map, if it satisfies the 
Yang-Baxter equation and preserves the geometric crystal structure. In jY] and [KOTY| , an explicit form 

of tropical R map is given for the geometric crystal Bi (I £ C x ) of type and Dn ■ They obtained 
the tropical R map as a unique solution (x',y') of the equation Mi(x, z)M m (y, z) = M m (x' , z)Mi{y' , z) 
where x £ Bi, y £ B m , z is an indeterminate and Mi(x, z) is a square matrix called M-matrix (sec $8]). 

In this paper, we construct the affine geometric crystal V; in W(w\)i, the affinization of the funda- 
mental representation W(zj±), for g = A„\ Bn\ Dn\ ^i+u^n-i an d ^2n- The geometric crystals B\ 
constructed in [KOTYj are isomorphic to our geometric crystals V;. Thus, in these two cases we have 
the tropical R map for V; through the isomorphism. By virtue of the method 'folding', we obtain the 
tropical R maps for the other cases; Bn\ Dn+i> ^2n-i an d -^n from the tropical R map for with 
a suitable integer N. (The case C„ can not be obtained from the folding of This case will be 

discussed elsewhere.) Here note that the geometric crystal V(q) is a special case of V(g); for I = 1. 

Let us explain the construction of the tropical R map more precisely. First, we take a Dynkin diagram 
automorphism a for , which induces the automorphism E of the geometric crystal Bi of type , 
where Bi = (C X ) 2N ~ 2 as algebraic varieties. Let Xi be the fixed-point variety for S, that is, Xi := {x £ 
£>z | S(cc) = x}. There is an invertible matrix J such that M;(E(x),z) = J Mi(x, z)J~ l (x £ Bi). By 
this formula and the uniqueness of the solution for the equation Mi{x, z)M m (y, z) = M m (x' ', z)Mi(y', z) 
(I, m £ C x ), we deduce that the tropical R map sends Xi x Af m — » Af m x Xi. Furthermore, this fixed-point 
variety Xi is equipped with the g CT -geometric crystal structure, where Q a is the affine Lie algebra obtained 
from by the folding associated with a and it is isomorphic to Vi for q° . Hence, we get the tropical 
R map for {V;} in the case of g a . 

In the article, we also discuss the uniqueness of the tropical R maps. As for usual R-matrices, it is 
unique (up to constant) by Schur's lemma, if the corresponding modules are irreducible. Similar situation 
occurs in the geometric crystals. A geometric crystal is prehomogeneous if there exists an open dense 
orbit by the actions of the efs. For </>, cf>' two isomorphisms of prehomogeneous geometric crystals, if there 
exists a point p in the open dense orbit which is sent to the same point by <fi and <p' , it is shown that 4> = 4>' 
as rational maps. A crucial result in this article is that a positive geometric crystal X is prehomogeneous if 
the crystal ultra-discretized from X is connected (see Theorem l3.3[) . This uniqueness implies the following 
fact : For geometric crystals X, Y, Z, suppose that the product X x Y x Z is prehomogeneous and that 
there exist tropical R maps for any two of X, Y, Z, then it follows from the uniqueness that we have the 
Yang-Baxter equation: 

i? (12) i?(2 3) i? (12) =i? (23) i? (12) i? (23)_ 

If X x Y is prehomogeneous, we also obtain the inversion formula: 

RyxRxy = id, 

where R^' means R acting on the i-th and the j-th components of the product. Namely, important 
properties of the tropical R maps are deduced from the uniqueness. The tropical R map on the affine 
geometric crystal Vi introduced in this article is unique, since the ultra-discretized crystal UD(Vi) and 
its tensor products arc connected, which implies that Vi and its products are prehomogeneous. 

2. Geometric Crystals and Crystals 

In this section, we review Kac- Moody groups and geometric crystals following [BKj . |Kacj . [Nlj . |N2j . 

EE]. 
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2.1. Kac-Moody algebras and Kac-Moody groups. Fix a symmetrizable generalized Cartan matrix 
A = (aij)ij<zi with a finite index set I. Let (t, {ai\i^i, {a(}i^i) be the associated root data, where t is a 
vector space over C and {cti}i£i C t* and {a^}; e / C t are linearly independent satisfying aj(a!f) = ay. 

The Kac-Moody Lie algebra g = g (A) associated with A is the Lie algebra over C generated by t, the 
Chevalley generators e, and fa (i £ /) with the usual defining relations ( |Kacj ). There is the root space 
decomposition g = (B aet ,Q a - Denote the set of roots by A := {a £ t* | a ^ 0, Q a ^ (0)}. SetQ = ^ i Za i , 
Q + = J2 i Z> c t i, Q v = Si^ a i / an d ^+ = A n Q + . An element of A + is called a positive root. Let 
P C t* be a weight lattice such that C ® P = t* and Q C P C {A | A(Q V ) C Z}, whose element is called 
a weight. 

Define the simple reflections Sj G Aut(t) (i G Pj by Sj(/i) := h — ai(h)a^ , which generate the Weyl 
group W. It induces the action of W on t* by Si(X) := A - A(a^)a,;. Set A rc := {w(a,) w G W, i G /}, 
whose element is called a real root. 

Let G be the Kac-Moody group associated with (g, P) ( |PK] L Let f7 Q := expg Q (a G A ro ) be the 
one-parameter subgroup of G. The group G is generated by U a (a G A rc ). Let be the subgroup 
generated by U± a (a G A' + ° = A ro n Q+), i.e., U ± := {U± a \a G A™). 

For any i G /, there exists a unique group homomorphism : SX2 (C) — > G such that 

4>i (( I {))= cx p(^), & (Y J 1 )) = cx p(^) ( f e c )- 

Set a 4 v (c) := & ((0 c -i )). : = ex P (*«*), ~ exp (tf,), G, := 4 (SL 2 (C)), T % := a 4 v (C x ) and JVi := 
NciiTi). Let T be the subgroup of G with P as its weight lattice which is called a maximal torus in G, 
and let B ± = [/±T be the Borel sub group of G. Let N be the subgroup of G generated by the iVj's. Then 
we have the isomorphism : W-^N/T defined by 0(sj) =NiT/T. An element Sj:=a;j(— l)2/j(l)a;j(— 1) = 
4 (( - 1 )) in N G (T) is a representative of s 4 G W = N G (T)/T. 

2.2. Geometric crystals. Let W be the Weyl group associated with g. Define R(w) for u> G W by 

P(iu) := {(ii,t2, ■ . ■ ,ii) £ I 1 \ w = s n s i2 ■ ■ ■ s it } , 

where I is the length of in, i.e., R(w) is the set of reduced expressions of w. 

Let X be a variety, 7^ : X — > C and £j : X — > C (i G /) rational functions on X, and : C x x X — ► X 
((c, x) 1— » ef(a;)) a rational C x -action. For w £ W and i = (ii, ...,«';) G R{w), set := s,:, ■ ■ • s^ +1 (afy) 
(1 < J < and 

ei-.TxX X 

(*,,) - ef(,):=ef«ef«...ef^(,). 

Definition 2.1. A quadruple (X, {ei}i £ /, {74, jig/, {ei}ig/) is a G (or Q)-geometric crystal if 

(i) {1} x X fl dom(ei) is open dense in {1} x X for any i £ I. Here dom(ei) is the domain of definition 
of e,: C x x X -> X. 

(ii) 7j(e<(a0) = c a '^j{x). 

(iii) ei = e\i for any wef and i. i' G RiyS). 

(iv) £i(e?(x)) = c- x ei(x). 

Note that the condition (iii) is equivalent to the following so-called Verma relations: 

Ci C1C2 C9 C2 C1C2 Ci -r -1 

e 4 e/ 2 e 4 2 = e/e, 1 2 e/ if a 4j = = -1, 

Ci C X C2 C1C2 C2 C2 C1C2 C 1 C 2 Ci -r o 1 

* j 3 K j 3 7 6j 1 3 &l 3 2 ^ ^ _ ' = ' 

pCl C?C 2 c\c 2 c\ C 2 2 Cl C 2 C 2 _ C 2 C lC -2 c\cl c\c 2 C \c 2 Cl -f _ _q _ -| 

i J i J « J — J » 3 i 3 i *J ~ ' — ' 

Note that the last formula is different from the one in [BK| . |N1] , |N2| which seems to be incorrect. If 
X = (X, {e^}, {"fi}, {£i}) satisfies the conditions (i), (ii) and (iv), we call X a pre- geometric crystal. 



TROPICAL R MAPS AND AFFINE GEOMETRIC CRYSTALS 



5 



2.3. Geometric crystal on Schubert cell. Let X := G/B be the flag variety, which is the inductive 
limit of finite-dimensional projective varieties. For w £ W, let X w := BwB/B clbe the Schubert cell 
associated with w, which has a natural geometric crystal structure ( [BKj . |Nlj ). For i = . .. ,ik) £ 
R(w), set 

(2.1) Br : = {Yi( Cl , . . . , Cfc ) := Y h (ci) ■ • • Y" l( (c fc ) | ci • ■ • , c k £ C x } C B" 

where Yi(c) := j/i(c _1 )a/(c) = a/(c)yi(c). Then Bj~ is birationally isomorphic to X w and endowed with 
the induced geometric crystal structure. Let £ be an element in the torus T. Then we can define the 
geometric crystal structure on Br ■ £ and we shall describe its explicit form: The action e\ on Br ■ £ is 
given by 

e c z (Y n (ci) ■ • • Y H ( Cfc )0 = (Ci) • • ■ Y u [C k % 

where 

,„ „, _ Km<j, t m =» C l ''' C m-1 C «» j<m<fc,i„ 

(2.2) Cj := Cj • 



X/ ««!,» a >n«-l.i ^ X Oil,. a » m -l.» 

l<m<j, i m =i C l C m-1 °m j<m<k, i m —i 1 ''' C m-1 C ™ 

The explicit forms of rational functions £j and 7, are: 
£i (y il (c 1 )---y ii (c fc )0= £ — i— - , 7i(^ I (ci)---y 4l (c fc )0 = ci <1,4 ---c^' 4 a i (0- 

l<m<fc, i TO =j C l ' ' ■ C m-1 c m 

These will be needed in Sect. 5 to construct affine geometric crystals. 

2.4. Crystals. We recall the notion of crystals, which is obtained by abstracting the combinatorial 
properties of crystal bases. 

Definition 2.2. A crystal B is a set endowed with the following maps: 
wt: B — ► P, 

e t : B — >ZU{-oo}, (p t : B — >Zl_l{-oo} for i E I, 
ei:BU{0} — > B U {0}, f. L : B U {0} — > B U {0} for iel, 
ei(0) = MO) = 0. 

Those maps satisfy the following axioms: for all b, b\, 62 G B, we have 

^(6) = £i (6) + ( a y,wt(6)), 
wt(ej6) = wt(6) + a,i if etb £ B, 
wt(/i6) - wt(6) - a, if /«& £ B, 

e;6 2 = &i /i&i = &2, 

= -00 e,-6 = /jfe = 0. 

Example 2.3. (i) If (L, 5) is a crystal base, then B is a crystal. 

(ii) For the crystal base (L(oo), B(oo)) of the subalgebra U~(g) of the quantum algebra U q (g), B(oo) is 
a crystal. 

(iii) For X £ P, set T\ := {t\}. We define a crystal structure on T\ by 

ei(t\) = fi{t\) = 0, £i(t\) = <Pi(t\) = -00, wt(ix) = A. 
Definition 2.4. (i) To a crystal B, a colored oriented graph is associated by 

bi^b 2 /jfoi = b 2 ■ 

We call this graph the crystal graph of B. 

(ii) A crystal B is said to be connected, if its crystal graph is connected as a graph. 

(iii) A crystal B is free if e™(6) 7^ and /"(&) ^ for any & £ B, i £ / and n > 0. 
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2.5. Positive structure, Ultra-discretization and Tropicalization. Let us recall the notions of 
positive structure and ultra-discretization/tropicalization. 
Set R := C(c) and define 

v. R\{0} — > Z 

/(c) -> deg(/(c)). 

Here deg is the degree of poles at c = oo. Note that for /i, / 2 £ R \ {0}, we have 

(2.3) v{hf 2 ) = v{h) + v(f 2 ), v (£j = v{h) - v(f 2 ). 

We say that a non-zero rational function /(c) £ C(c) is positive if / can be expressed as a ratio of 
polynomials with positive coefficients. Note that / £ C(c) is positive if and only if any pole of / is not a 
positive number and f(x) > for any x > 0. 
If /i, / 2 £ R are positive, then we have 

(2.4) w(/i + / 2 )=maxK/ 1 ) ! u(/ 2 )). 

Let F~ (C x ) z be an algebraic torus over C and X*(T) :=Hom(F,C x ) (resp. X*(T) :=Hom(C x ,F)) 
be the lattice of characters (resp. co-characters) of F. We denote by F + the set of points x in T such 
that xO) > for any character X - Then ((C x ) n ) + = (K >0 )™. 

A non-zero rational function on an algebraic torus F is called positive if it is written as g/h where g 
and h are a positive linear combination of characters of F. 

Definition 2.5. Let /: F — ► T" be a rational mapping between two algebraic tori T and T". We say 
that / is positive, if X o / is positive for any character X: F' — > C. 

Denote by Mor + (T, T') the set of positive rational mappings from T to T". 
Note that any / £ Mor + (T, T") induces a real analytic map /+ : T+ — > T' + . 

Lemma 2.6 ( [BK] ) . For any f £ Mor + (Ti, T 2 ) anrf g £ Mor + (T 2 , Ta) 7 i/ie composition gof is well-defined 
and belongs to Mor^I 1 !, T 3 ). 

By Lemma 12. 6[ we can define a category 7+ whose objects are algebraic tori over C and arrows are 
positive rational mappings. The category T + admits products. For two algebraic tori T and T', their 
product in T + coincides with the usual product of T and T 1 . 

Note that T i— > T + gives a functor from T + to the category of real analytic manifolds. 

Let / : T — > T' be a positive rational mapping of algebraic tori T and T'. We define a map / : X* (T) — > 
by 

<x,7(0> = «(xo/«0, 

where \ G X*(T') and ^ £ X*(T). Note that x ° / ° ^ is a rational map from C x to itself. 

Lemma 2.7 ( BK ). For any algebraic toriTi, T 2; and positive rational mappings f £ Mor + (Ti, T 2 ), 
.9 £ Mor + (T 2 , Fj), we have g o / = p o /. 

By this lemma, we obtain a functor 

UD: T+ — > Set 

F i ► X*(T) 

(/:T-»T0 ^ (/: X»(T) ->X,(T')). 
Let us come back to the situation in W2.2\ Hence G is a Kac-Moody group and F is its Cartan subgroup. 

Definition 2.8 ( [BK] ). Let X = (X, {ej}j £ j, {7i}ie/> { £ i}iei) be a G (or g)-geometric crystal, F' an 
algebraic torus and 8: f -t I a birational mapping. The mapping is called a positive structure on X 
if it satisfies 

(i) for any i € I the rational functions 7,; o : T' — *• C and Ei o 6: F' — > C are positive, 
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(ii) for any i £ I, the rational mapping ei.g : C x x T" — > X" denned by Ci y e{c,t) := 9 1 o e\ o 9{t) is 
positive. 

Let 0: T' — > X be a positive structure on a geometric crystal X = (X, {ej}j e /, {7i}iei, {£i}ieJ")- 
Applying the functor UD to the positive rational mappings e^e : C x xT'^T' and 7^0$, e^of? : T' — > C x , 
we obtain 

e. t :=UD(e ifi ): Z x X*(T') -» X.(T') 

wt % := UD{ lt o 6), e t := UD{e l o (9) : A*(T') -> Z. 

Hence the quadruple (A*(T"), {ei} ie /, {wt,}^/, {£;}ie/) is a free prc-crystal structure (sec [BK, 2.2]) and 
we denote it by UD g (X) = UD 9 , T ,(X). As for the definition of crystal, seeETDor |KKM] . (KT] . [K2] , We 
have thus the following theorem: 

Theorem 2.9 ( BK Nl]). For any geometric crystal X = (X, {ei}j £ j, {7i}ie/> an d a positive 

structure 9: T' — > A, i/ie associated pre-crystal UDg,T>(X) is a crystal (see jBKl 2.2]). 

Now, let QC + (q) be the category whose object is a triplet (X, T',6) where X = (A, {e,}, {7^}, {£;}) 
is a g-gcometric crystal and 9: T' — > A is a positive structure on X, and morphism /: (Xi,T[,6i) 
— > (X2,T2,^2) is given by a morphism yj; Ai — ► A2 of geometric crystals such that 

f:=9^ 1 o lfi o9 1 :T[^T^ 

is a positive rational mapping. Let CR(g) be the category of g-crystals. Then by the theorem above, we 
have 

Corollary 2.10. UD defines a functor 

UD-.gC + (g) — ► CR( 2 L ) 

(X,V,9) h-> X*(T') 

(f: (X ll T{,9 1 )^(X 2 ,T^,9 2 )) -> {f: X.ffl) ^> X.(ft)), 

where g L is the Langlands dual for g. 

We call the functor UD "ultra- discretization" as in |Nl| . [N2j . While for a crystal B G CR(g), if there 
exists an object (X,T',9) in QC + {q l ), we cal (X, 9) a tropicalization of £>. 

3. Prehomogeneous Geometric Crystals 

Definition 3.1. Let X = (A, {e^}, {7^}, {£»}) be a geometric crystal. We say that X is prehomogeneous 
if there exists a Zariski open dense subset fi C A which is an orbit by the actions of the ef's. 

The following lemma is obvious. 

Lemma 3.2. Let Xj = (Aj, {e^}, {7^}, {£»}) (j = 1,2) 6e geometric crystals and Xi prehomogeneous. 
Let ill C Ai 6e an open dense orbit in X\. For isomorphisms of geometric crystals <f>, <f>' : Xi — > X2, 
suppose that there exists pi G f2i suc/i £/ia£ <p{pi) = <P'{pi) G A2. Then, we have </> = <// as rational maps. 

The following is the criterion for the prehomogeneity of a geometric crystal. 

Theorem 3.3. Let X = (A, {e^}, {7^}, {£i}) be a finite- dimensional positive geometric crystal with the 
positive structure 9: T — > A and B :=UDg(X) the crystal obtained as the ultra-discretization of X. If B 
is a connected crystal, then X is prehomogeneous. 

Proof. Set m := dimT = dim A. We identify T and A by 0, and take a G T + ( sec 12.51) . Assume that B 
is connected and X(= T) is not prehomogeneous. Then there exists a nowhere dense closed subset Z of 
T such that Z contains a and is invariant by the actions of the e^'s. 

Suppose that Z is contained in a variety {x G T 4>(x) = 0} where 4>{x) = X)«ez m 

C[xi, . . . , x m ] is a non-zero polynomial. Set A := |a = (ai, . . . , a m ) G Z> | a Q 7^ 0} 7^ and let H 
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be the convex hull of A in Z m . Let us take an end point a of H. Then a E A and there exists 
c = (ci, • • ■ , c m ) £ B = Z m such that J2i > Si a « c j f° r an y a e ^ \ {^l- Since the crystal B is 
connected, there exist ii, . . . ,ii El and fei, . . . , ki eZ such that 

c = (ci, . . . , c m ) = e^ 1 • • • e^ 1 (0, 0, ... , 0). 

We define rational functions f\(i) f m (t) by 

(/!(*)>■■■ >/m(*)):=ef ■■■e^'aeZ. 
Since ej = UD(e^g), we have v(fi(t)) = c,, where u: C(t) \ {0} — > Z is as in !2.5l Thus we have 

(*),"• Jm(t))) =^<SiCi, 

which implies 4>{fi(t), ■ ■ ■ , f m (t)) =/= 0. This is a contradiction. rj 

By the above proof, we obtain the following: 

Corollary 3.4. In the setting of Theorem \3.3[ let f2 be the open dense orbit in X and identify T and X 
by 9. Then we have T + C ft. 

4. Fundamental Representations and Perfect Crystals 

4.1. Affine weights. Let g be an affinc Lie algebra and the sets t, {a^jig/ and {a^}i^i as in 12.11 We 
take t so that dimt = jJJ + 1. Let S E Q + be a unique element satisfying 

{A £ Q (a/, A) = for any i £ J} = Z5, 

and let c £ J^. Z> a/ C g be a unique central clement satisfying 

{h £ Q v (h, cti) = for any i E 1} = Zc. 

We write f jKacI 6.1]) 

(4.1) c = 2jaVa/, <^= 2jai«i- 

Let ( , ) be the non-degenerate VF-invariant symmetric bilinear form on t* normalized by (<5, A) = (c, A) 
for A £ t*. Let us set t*j := t*/CS and let cl: t* — > t*j be the canonical projection. Then we have 
t*l - © t ( c « 4 V )*- Sct to : ={ A G t* | (c, A) = 0}, (t*j) :=cl(ig). Then we have a positive-definite symmetric 
form on (t*j)o induced by the one on t*. Let Aj £ t* : (i £ J) be a weight such that (aY , Aj) — Sij, which 
is called a fundamental weight. We choose P so that P c \ := cl(P) coincides with ©j g /ZAj and we call P c \ 
the classical weight lattice. 

4.2. Amnization. Let t/ q (g) = (ei,fi,q h \i El, h £ P) be the quantum affine algebra associated with 
P and Ug(o) = (e l ,f ll q h \i El, he (P c i)*) its subalgebra associated with (P c i)*. Set Mod^(g, P c i) the 
category of a finite dimensional L^(g)-module M with a weight decomposition M = (B\£p cl M\. 

Let M be an object in Mod^(g, P c {). For Z £ C x , define the [/^(g)-module Mi as follows: There exists 
a C-linear bijective homomorphism : M — > M, such that 

g h $l(«) = * { (g h «) for ft £ P* b 
ei$,(u) = Z 5 *.°$ i (e i u), 
/<*,(u) = Z- 5< -°$/(/iu). 



The module M, := $ Z (M) is said to be the affinization of M ( |KMNl] .pO]V 
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4.3. Fundamental representation W(wi)i. Here we consider the following affine Lie algebras g = 
AiP, B { n \ D ( n \ A^_ lt D^, . Let {Ai 1 i e 1} be the set of fundamental weights as in jgj] Let 
w\ := Ai — o(Aq be the (level 0) fundamental weight, where i = 1 is the node of the Dynkin diagram as 
below and is given in (|4.1|) . 

Let W{w\) be the fundamental representation of U' q (g) (see |K1| Sect 5.]). By |K1| Theorem 5.17], 
W(mi) is a finite-dimensional irreducible integrable L^(g)-module, an object in Mod^(g, P\ c ) and has a 
global basis with a simple crystal. Thus, we can consider its affinization W{w\)i (I 6 C x ) specialized at 
q = 1. Then we obtain a finite-dimensional g-modulc denoted also by W(vj\)i in which we shall construct 
affine geometric crystals in the next section. 

Note that W{w\)i is an irreducible g-module for any g as above. But, for some i and g, W{wi)i is not 
necessarily an irreducible g-module. 

Let us see the explicit description of W{vj\)i for g = A„\ Bn \ D„ \ A^_ v D^h, A^. 

4.4. A$ (n > 2). The Cartan matrix (ay);j 6 / (I := {0, 1, ... , n}) of type A { n ] is 

'2 if i = j, 

T if i = j ± 1 mod 
_ otherwise. 

We have c = J2iei a i an( ^ * = £ 4 e/ a i- 

The basis of W^i); is {ui, Va, ■ ■ ■ , v n +i}, and we have 

wt(vi) = Ai - Ai_! (i = 1 ■ • ■ , n + 1), 

where we understand A„ + i = Ao. The explicit actions of /,'s are 

fiVi=v i+ i (1 < i < n), f v n+ i=r 1 v 1 , 
fiVj = otherwise, 

and the explicit actions of e^'s are 

eiVi+i = Vi (1 < i < n), e Vi = lv n+ i, 
eiVj = otherwise. 

4.5. Bn ( n > 2). The Cartan matrix (ciij)i,j e i (I := {0, 1, . . . of type B„ is 
'2 i = j, 

-1 = 1 and (i,j) ^ (0,l),(l,0),(n,n-l) or = (0,2), (2,0) 

-2 = (n,n- 1), 

otherwise. 

The Dynkin diagram is 



n-2 



where a is the Dynkin diagram automorphism a : olq <-> «i which will be needed later. We have 

n—1 n 

c = q'q + ot{ + 2 a-V + ck^, <5 = ao + ai + 2 ctj . 



i=2 i=2 
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The basis of W{vj\)i is {v\, 1)2, • • • , v n , Vq, v^, • • • , v^, Vj}, and we have 

wt(^) = Ai-Ai_i, wt(Vf) = Ai_x - Ai (i^0,2,n), 

wt(u 2 ) = -A - Ai + A 2 , wt(%) = A + Ai - A 2 , 

wt(u n ) = 2A„ — A„_x, wt(t%) = A„_i - 2A„, wt(u ) = 0. 

The explicit forms of the actions by /j's and e^'s are 

fiVi = v i+1 , fiVj+r = 1% (1 < i < n), eiv i+1 = v it etvj = vj^ (1 < i < n), 

f n V n = Vq, fnVo = 2?%, e n V = 2v n , e n Vn = Vq, 

/ v 2 = Z _1 «i, fovj = l~v 2 , e V! = Iv^, e v 2 = Ivj, 

fiVj = otherwise, eiVj = otherwise, 

4.6. Dn (n > 4). The Cartan matrix (aij)i,jei (I '■— {0, 1, ■ • ■ , ti}) of type D„ is 
'2 i=j, 

-1 = 1 and 1 <i,j < n- 1 or = (0, 2), (2, 0), (n - 2, n), (n, n - 2), 

otherwise. 

The Dynkin diagram is 



I ^/ 2 3 n-3 

°1 

where a is the Dynkin diagram automorphism a: ao <-> ol\ and cra^ = for i ^ 0, 1. We have 

ra-2 n-2 

c = ctQ + + 2 ol( + a^_ l + 0%, 5 = a + ai + 2 a l + a n _i + a n . 

i=2 i=2 

The basis of W{w\)i is {vx, 1)2, ■ ■ ■ , v n , v^, • ■ ■ , Uji ^rli an d we have 

wt(«i) = Ai - Ai_x, wt(w T ) = Aj_x - Aj (i 7^ 2, n - 1), 

wt(u 2 ) = -A - Ax + A 2 , wt(va) = A + Ax - A 2 , 

wt(u„_x) = A„_x + A n - A„_x, wt(u^3x) = A„- 2 - A„_x - A„. 

The explicit forms of the actions by /j's and e^'s are 

fiih = v i+1 , fiVj+r = vj (1 < i < n), eiV i+1 = u 4 , = t^pj- (1 < i < n), 

/ w 2 = Z -1 «i, /o«t = '~ lu 2, e fx = Zuj, e w 2 = Zu T , 

/iWj = otherwise, e^Wj = otherwise. 

4.7. A2„_x ( n — 3)- The Cartan matrix (ay)ij e j (7 := {0,1,..., n}) of type A^_x is 
'2 i=j, 

-1 = 1 and 1 < i,j <n-l or = (0, 2), (2, 0), (n, n - 1) 

-2 (i, j) = (n- l,n), 
otherwise. 
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The Dynkin diagram is 



n-2 n-l n 



where a is the Dynkin diagram automorphism a: olq <-> ol\. We have 

n n—l 

c = ckq + a\ + 2 a( , 8 = ao + ot\ + 2 a 4 + a„. 

i=2 i=2 

The basis of W^(roi); is {vi, V2, ■■ ■ , V n , ?%, • ■ ■ , %, Vj}, and we have 

wt(vj) = Aj - Aj_x, wtfo) = Aj_i - Ai (i^2) 
wt(v 2 ) = -A - Ai + A 2 , wt(^) = A + Ai - A 2 . 

The explicit forms of the actions by /j's and e^'s are 

fm = Vi+i, fivj+r = Vj (1 < i < n), eiv i+1 = v i; eiVj = vj^ (1 < % < n), 

/o«2- = /"V, /o^r = l~ 1 v 2 , e V! = lt>2, e v 2 = Ivj, 

fiVj = otherwise, = otherwise. 

4.8. D^+i (n > 2). The Cartan matrix (a y )i,jei (J := {0, 1, ... , n}) of type - 

-1 |i-i| = land(i,i)^(0,l),(n,n-l), 
-2 (i,j) = (0,l),(n,n-l), 
, otherwise. 



is 



The Dynkin diagram is 



12 n-2 n-l n 

where a is the Dynkin diagram automorphism a: ai <-*■ a n _j (i = 0, 1 • • • , n). We have 



i=2 i=0 



The basis of W{vj\)i is {«x, t>2> • • ■ , v n , Vq, Vn, • • • , v^, itj, </>}, and we have 

wt( Vi ) = Ai - Ai_i, wt(wj-) = A,-_i - Ai (i ^ 0, 1, n), 
wt(«x) = Ai — 2A , wt(vx) = 2A - Ax, 
wt(u„) = 2A„ - A n _x, wt(?%) = A„_x - 2A n , 
wt(w ) = 0, wt(» = 

The explicit forms of the actions by fi's and ej's are 

fiVi = V i+1 , fiVi+l =V i (- 1 ~ i ^ U )' e * U »+l = V ^ e i V i = V i+T i 1 - i < n )> 

/nVn = w , / n wo = 2t^r, e„t>o = 2w„, e n Vn = v , 

f Vj = ;~V, f <j) = 2l~ 1 v 1 , e vi = 1(f), e Q (f> = 2lvj, 

fiVj = 0, fi<j) = otherwise, e^j = 0, ej</> = otherwise. 
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4.9. (n > 2). The Cartan matrix (a^ijeJ (I ■= {0, 1, ... , n}) of type is 

'2 i=j, 

-1 |i-j| = laiid(i,j)#(0,l)>-l,n), 
-2 = (0,l),(n-l,n), 

, otherwise. 

Then the Dynkin diagram is 



o i, o o o o < o 

12 n-2 n-1 " 



Note that there exists no Dynkin diagram automorphism in this case. We have 

n n— 1 

c = Qq + 2 o^ 7 , (5 = 2 ai + a„ . 

i=l i=0 
(2) (2) 

In this case, we denote this type by (A^, wi) in order to distinguish it with the type f, oti). Then 
the basis of W(uji)i is {«i, «2, • • • , v n , Vn, • • • , f*;-, 0}, and we have 

wt(vi) = Ai - 2A , wt(uj) = Aj — Aj_i, wt(vj) = Aj_i - A, (i = 2,...,n), 

wt(uj-) = 2A - Ai, wt(0) = O. 

The explicit forms of the actions by f^s and e^'s are 

fiVi = v i+ i, fiVj+r^vj (1 < i < n), e<i;i + i = «i, = u-pj (1 < i < n), 

/o^r = r x 0, / o = 2rS, e wi = 10, e o = 2Zv T , 

/jWj = otherwise, eiWj = 0, otherwise. 

4.10. A^l f (n > 2). The Cartan matrix {a ij ) l , jeI {I := {0, 1, ... , n}) of type is 

f 2 i = j, 

]-l |i-j| = land( i ,j)^(l,0),(n,n-l), 
° U 1-2 (ij) = (l,0),(n,n-l), 
[ otherwise. 

Then the Dynkin diagram is 



1 2 n-2 n-1 " 



Note that there exists no Dynkin diagram automorphism in this case. We have 

n— 1 n 



n-1 

c 

i=0 



In this case, we denote this type by (A 27 l , w\) in order to distinguish it with the type {A 27 [ , w\). Then 
the basis of W(w\)i is {v\, v%, ■ ■ ■ , v n , vq, ■ • ■ , v^, vj}, and we have 

wt(vi) = At - A4-1, wt(uj-) = Aj_i - A, (i = 1, . . . ,n - 1), 

wt(u„) = 2A n — A n _i, wt(«o) = 0, wt(wj-) = A„_i - 2A„. 

The explicit forms of the actions by /j's and e^'s are 

fiVi = Uj+i, /i*^+r = l> i n )i ej^+i = Uj, e;u ? = t^- (1 < i < n), 

f n v n = %, /n"o = 2?%, e„u = 2i>„, e„W7r = v , 

foVf = l^Vi, e Q vi = Ivj, 

fiVj = 0, otherwise, eiVj = 0, otherwise. 
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4.11. Limit of perfect crystals. We review the limits of perfect crystals following |KKM| . (See also 
[KMNlj . [KMN2] .) 

Let g be an affine Lie algebra, P c i the classical weight lattice as above and for I G Z>o set (-P c i)/~ '■= 
{AeP cl |(c,A) =1, (a^X) >0}. 

Definition 4.1. We say that a crystal B is perfect of level I if 

(i) B <E> B is connected as a crystal graph. 

(ii) There exists Ao G P c \ such that 

wt(£) c A + J2 Z<ocl(aj), $B Xo = 1 

(iii) There exists a finite-dimensional L^(g)-module V with a crystal pseudo-base B ps such that B = 
B ps /±1 

(iv) Set e{b):=J2i £ i( b ) A i & nd ip{b):=J2i<Pi( b ) A i- For any & G B, (c,e(b)) > land the maps e, <p : B mm := 
{beB\ (c,e(6)} = Z} — >(-P c j ); are bijective. 

For an affine Lie algebra g, let {Bi(g)}i>i be a family of perfect crystals of level I and set J := 
{(l,b)\l> 0, be BY 11 " 1 }. 

Definition 4.2. A crystal B^ = -Boo(fl) with an element b^ is called the limit o/{£?/};>i if 

(i) wt(&oo) = e(6oo) = fiboo) = 0. 

(ii) For any (I, b) G J, there exists an embedding of crystals: 

f(l,b) ■ T E ( b) ®Bi® T_ v{ p) B 



t E ( b) (g> b <8 t_ v ( 6 ) !->■ &oo 

(iii) Boo = U(i,i)ejI m /(U). 

As for the crystal T\, see Example 12.31 ([ml) . If the limit of a family {Bi} exists, we say that {Bi} is a 
coherent family of perfect crystals. 

Remark. By the definition of perfect crystals, any perfect crystal is connected and then the limit of 
a coherent family of perfect crystals is also connected. 

5. Affine Geometric Crystals 

Following the method in [KNOj . we shall construct the affine geometric crystal V(g)i (I G C x ) in the 
g-module W(zui)i the affinization of the fundamental representation W(wi). 

5.1. Translation t(wi). For £ G (t*^, let t(£ ) be as in [Kl[ Sect. 4], that is, 

t(fo)(A) := A + (S, A)£ - (f, X)6 - ^f-(5, X)S 

for £ G t* such that cl(£) = £o- Then i(£o) does not depend on the choice of £, and it is well-defined. 
Let c( be as follows ([El]): 

2 

(5.1) c ? v :=max(l,- -). 

Then t(mwi) belongs to the extended Weyl group W if and only if m G c^Z. Setting Wi := c^ra?, 
(« G I), is expressed as follows (see e.g. [KOTUYj h 



t(wi) = < 





-l • • -s 2 si) 




^4.71 Cclsg, 


t(si ■ • 


Sn)(^n- 1 


• S 2 Si) 


-B^, A 2 ^ l ) _ 1 cases 


« (s si • 


* ^n) (^n — 1 


• -s 2 si) 


C'n j f n _j_i cases, 


t(si • • 


Sn)(-S n -2 ' ' 


• S2S1) 


-L>n case, 


.(sosi • 


' Sn) \8n— 1 


•■S2S1) 


^2n i ^Li ^ cases, 
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where i is the Dynkin diagram automorphism 




ot\ and a n -i <-> a„ = D 



- AW R« 4( 2 ) 
(1 



Now, we know that each t(vji) is in the form W\ or i ■ w\ for some w\ £ W , e.g., ?«i = s 
wi = (si • • • s„)(s„_i • • • si) for S„ , etc., 

f2) (2*) f 

In the case (resp. = A\^ ), 77 := wt(?%) = A n _i - A„ (resp. A„_i 
W{w\)i which satisfies (aY , rf) > for i ^ n. For this r\ we have 



■*i for A { n 1} , 



2A„) is a unique weight of 



(5.2) 

which will be used later. 



t(rj) = (s„s„_i • • • si)(s si • • • s n _i) 



W2, 



5.2. Affine geometric crystals in W(zui)i. Let <r be the Dynkin diagram automorphism as in 
and Wi = • • • Si fc be as in the previous subsection. Let H be an element in t such that 



ati{H) 



1 

2 

-f 
-2 




in^landfl^Z^^,^ 2 /, 



if i 



1 and a - D (2) /t (2) 4 (2)t 
1 ana q — u n+1 ,ji 2n , A 2n , 



if / 
otherwise 



t 

2n ' 

and a - D (2) /t (2) 4 (2)t 
u ana q — u n+1 ,A 2n , A 2n , 



if l = 0and fl ^ J Di 2 ] 1 ,4 2 l ) ,yl (2) 



Set 
(5.3) 



V(g)i := 



) :=K 11 (a; 1 )---y ife (i fc );%| a : 1 ,...,^eC >! } C W(roi); 



Let 0o C g (resp. Go C G) be a simple Lie algebra (resp. simple algebraic group) corresponding to the 
index set Jo '■=! \{0}- Since the vector v\ satisfies Xi{c)v\ = V\ for any i £ Iq, the actions of e\ (i £ Iq) on 
v(x) and Y ix (xi) • • ■ Kj fc (xk)-l H coincide each other. Therefore, V(q)i has a Go-geometric crystal structure 
same as that of , ■ l H fsee I2.3|) . Moreover (C x ) fc — > V(g); given by (xi, . . . , £&) 1— ► v(x\, . . . ,Xk) is a 
birational map. We shall define a G-geometric crystal structure on V(0)z by using the Dynkin diagram 
automorphism a except for A 2l [. This a induces an automorphism of W\W\)i, which is denoted by 
<7i: W{w\)i — ► W(wi)i. The following theorems are analogous results to Theorem 5.1 and 5.2 in 
[KNO] , 

Theorem 5.1. (i) Case ^ A 1 ^ , A^. For x = (x± ■ ■ ■ ,Xk) £ (C x ) k , there exist a unique y — 
(j/i, . . . , yk) £ (C x ) fe and a positive rational function a(x) such that 



(5.4) 



v(y) = a(x)ai(v(x)), s^ i) (v(y)) = ei(v(x)) if i,a(i) ^ 0. 



(2) (2)^ 

(ii) Case q = A 2r l (resp. A 2r l ). Associated with wi and w 2 as in the previous section, we define 
V(fl); := {vi(x) = Y (x )Y 1 (xi)---Y n (x n )Y n _- L (x n _ 1 )---Y 1 (x 1 )l H v- L \x l ,x l eC x }, 



V 2 (0)i 



{v 2 (y) = Y n (y n ) ■ ■ ■ Y 1 (y 1 )Y (y )Y 1 (y 1 ) ■ ■ ■ F„_ 1 (y„_ 1 )P' ?% I y l ,y l £ C x }, 







where a (H') = 2 (resp. a (H') = 2), a n (H') = -4 (resp. a n (H') = -I) and a r (H') 
otherwise. (Note that wt(vi)(H) = wt(vn){H').) For any x £ (C x ) 2 ™ there exist a unique y £ 
(C x ) 2n and a rational function a(x) such that V2{y) = a(x)vi(x). 



(5.5) 



Now, using this theorem, we define the rational mapping 

a:V(0) ; — ► V( 8 )i, ^:V( ) ; 
v(x) » v(y) (g^A^, A%>\ Vl (x) 



v 2 {y) (0 



4(2) A m\ 

A 2m A 2n It 
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Theorem 5.2. The rational mapping cr is birational. If we define a QQ-geometric crystal structure on 
V(g)i by the one on -Br . 4 (ui\ = Si 1 ■ ■ ■ Si k ) as in \2.3\ and a rational C x -action eo : C x xV(g)i — > V(q)i 
and rational functions wto and Sq on V(g); by 



(5.6) 



a o e 



OCT, £ := £ ct(0 ) o cr, 70 := 7<x(0) ° C, / 0? " 7^ ^2n > ^2n f > 
1 c — — — / /l(2) ^(2)t 

cr o eg o cr, e := £ o cr, 70 := 70 ° cr, /or Q = , . 



<x(0) 



then (V(q)i, {e%}iei, {Tijiei) { e i}iei) turns out to be an affine Q-geometric crystal. 

( 2) ( 2) 1 

Remark. In the case g = A 2r [ and A!,„ , V^fl); has a 0/\{ n }-geometric crystal structure. Thus, 
eoj7o,£o are well-defined on V^fl);- 

The following lemma shows Theorem 15.21 partially. 



( 2) ( 2) 1 

Lemma 5.3. Suppose that q ^ -^n; ^2n • -f ^ ere exists a as above and 
(5.7) e c a(i) = ao e- oa^ 1 , 7; = 7 ct(i) o ct, £ 4 =£ ct(i )oct, 

/or i 7^ cr _1 (0),0, £/ien we obtain 
(i) 

e o le r = ^^o 1 °0i = OiO = 0, 

Ci C1C9 Co Co C1C9 Ci -f -1 

e e * e = e i e V V a 0'i a 'i0 = 1, 

Ci C^C2 Ct Co Co Co Ct Co C?C2 Ci -r a 1 

e o e i e o e i = e i e o e i e o lf a oi = - 2 ) a >o = -1, 
e?ef C2 e[? C2 er = ef^e^e? if a * = -1, a,o = -2. 

(ii) l0 (et(v(x))) = c a '°j (v(x)) andi i (e%{v(x)))=c a ° i j i (v{x)). 

(iii) £ (eg(u(x))) = c~ 1 e (v(x)). 

Proof. For example, we have 

7o(e"(w(x))) = 7^(0) {aefa- l {a{v{x)))) 

= c ai >°j (v{x)), 

where we use a a u)^!Q) = am in the last equality. The other assertions are obtained similarly. rj 
In the rest of this section, wc shall prove Theorem 1 5 . 1 1 and Theorem 15.21 in casc-by-casc methods. 



5.3. A„ -case (n > 2). We have u>i := s„s„_i ■ ■ ■ s^si, and 

V(AW)i := {Y n (x n ) ■ ■ ■ Y 2 (x 2 )Y 1 (x 1 )l H v 1 \ Xi G C x } C Wfo),. 
Since yi(\) = exp(^) = 1 + c _1 /.j on W{w\), v(x) = Y„(x n ) ■ ■ ■ Y 2 (x2)Y 1 {xi)l H v\ is explicitly written as 

v(x) = V(X1, . . . ,X n ) = I" 1 (^Yl XiVi + Vn +^j ' 

where m = w\(H). Let cr: ct^ 1— > ol^+i (k G /) be the Dynkin diagram automorphism for A„ \ which 
gives rise to the automorphism cr; : W(wi)i W(vj\)i. We have 



v l+ i i^n+1, 
l~ x vi i = n + 1. 



o-i{vi) 
Then, we obtain 

n 

m(v(x)) = r(r 1 v 1 + ^2x lVl+1 ). 



i=l 
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Then the equation v(y) = a(x)ai(v(x)), i.e. 

n n 

2J ViVi + v n+ i = a(x){l~ 1 vi + ^2 XjUi+i) 
i=i i=i 

is solved by 

1 1 x--\ 

(5.8) a{x) = — , yi = - — , Vi = — — (i = 2,...,n), 

Xyi IXn Xn 

that is 

(5.9) a(v{x x ■ • • , x n )) = v(—, — ---i). 

lX n X n Xji 

The A n -geometric crystal structure on V{An^)i induced from the one on B~ t ■ l H is given by: 

(5.10) e 4 c (v(xi, . . . ,x n )) = v(xi, ■ . ■ ,cxi, . . . ,x n ) (i = l,...,n), 

(5.11) 7i(^)) = -, 7i(v(x)) = X * (i = 2,...,n-l), ln (v(x)) - 



X2 Xi-\X i+ i X n -1 

(5.12) Si (v(x)) = (i = l,...,n-l), e n (v(x)) = — . 
Then we have 

(-( ( ^ S^T ifi = l-",n-2, 
£ i+ i(cj(w a; = * 

which implies £ CT (i) (ff(v(a;))) = £i(v(x)), and then we completed the proof of Theorem 15. ll for A n . 
Now, wc define eg, 70 and £0 by 

(5.13) e|j :=a _1 oe^ off, 70:= 71 off, £o:=£ioff. 
Their explicit forms are 

(5.14) eSK*)) =«(-, -,..-,-), 

c c c 

(5.15) 7o(«(a;)) = , e (v(x)) = lx x . 

LX\X n 

Thus, we can check (|5.7[) easily, and then Lemma [5751 reduces the proof of Theorem 15. 21 to the statements: 

(5.16) e 1 e5 ; l 1C2 e 2 =e^ 2 e 1 2 e^, 

(5.17) j (e c n (v(x))) = c-^oWx)), 7n(e§(«(s))) = c^nM*))- 

These are immediate from (|5.10[) - (|5 . 1 5[) . Thus, we obtain Theorem 15.21 for A„^ ■ 

Let us introduce the following -geometric crystal Bl(A&) (L G C x ) ( |KOTYj ): 

Sl(A«) := {I = {h, ...,l n , l n+1 ) G (C x ) n+1 \k ■ ■ ■ l n+ i = L}, 

e l(0 = (••• ,cli,c~ l l i+ i,...), 7^/) = --^-, £j(0 = Z i+1 (i = 0, 1, . . . ,n), 

tj+1 

where we understand = ln+i- 

We have B L (A n 1] ) = V(A n 1] ) L . Indeed, defining : B L {A { n 1] ) -> V(Al 1) ) i by ^(/ x , • - • ,Z„+i) = 
T 2 ' ■ ' ' ' ^ "e )' ^ * s eas y to see that (f> is an isomorphism of geometric crystals. 
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5.4. Bn -case (n > 2). We have wi = s\ ■ ■ ■ s n _is„s n _i • • • si, and 

V{B^)i :={v(x)=Y 1 (x 1 )---Y n (x n )Y n _ 1 (x n _ 1 )---Y 1 (x 1 )l H v 1 \ GC X }. 
It follows from the explicit description of W(wx)i as in 14.51 



v(xi, . . .,x n ,x n -i, ...,xi) = l m < y^ y ti(x)Vi + x n v + ^Xi-xvj + vj I , 



where m :~ w\(H) and £i(x) := < 



\i=2 / 

x{xi i = l 

Xi — \Xi—\ "T XiXi _ 
1^1,71 

Xn—lXn—1 i X 

i = n 

Xn— 1 



The automorphism 07 : W^roi)/ — » W^zni); is given as 

(5.18) CiWi = Zu-, (7/t>j- = l~ vi, aiVk = Vk otherwise. 
Then we have 

<Ji(v(x)) = l m jVv + ^y^ y £i(x)Vj \ +x n v a + (^^Xt-ivj^j + Ixix^^j , 
The equation v(y) = a(x)ai(v(x)) (x,y £ (C x ) 2 ™ -1 ) has a unique solution: 

(5.19) a(x) = - — — , yi = a(x)Xi = - — l — (1 < i < n), y i = a{x)x l = - — — (1 < i < n). 

LXiXi LXiXi LXiXi 

Hence we have the rational mapping: 

X\ X2 X n X\ 



(5.20) a(v(x)) := v(y) = v 



\X\X\ lx\X\ lx\X\ lx\X\ lx\X\ 



By the explicit form of a in (|5.20p . we have a 2 = id, which means that the morphism W is birational. In 
this case, the second condition in Theorem 15. II is trivial since a(i) = i if i, cr(i) ^ 0. Thus, the proof of 
Theorem 15. II in this case is completed. 

Now, we set eg := cf o e\ o a, 70 := 71 o a and Eq := e± o a. 

The explicit forms of e^'s, e^'s and 7j's arc: 

c CXtXi + X 2 X 2 Xi . . 

e : X\ 1 — ► x\— -. — r^r x; — (2 < 1 < n) 

c(XiXi + X2X2) c 

_ X\X\ +x 2 x 2 _ Xi 

xi 1 ► x\ —5 Xi 1— > — (2 < i < n — 1), 

CX1X1 + c 

c _ CXj^ + _ _ c(XjXi + Xj+iXj+i) 

. I > Xi — ■ — , Xi I > Xi — ■ — , 

XiXi -r Xi-\-±Xi^-± CXiXi ~t~ ^i+l2-2-(-l 

:rj 1— > Xj, Xj 1 — ► (j ^ i) (1 < i < n — 1), 

c CX n _iX n _i -)- X n c{x n —\X n —\ -)- 3^ n ) 

^n— 1 ' X n —\ I ► X n — 1 — ■ 2~ i Xfi—1 1 ^ X n — 1 — ■ ^ i 

Xn — lXn — 1 ~r X n CXn — lXn — 1 ~r X n 

:r j 1 * x j , a; j 1— ► x j (j ^ n - 1), 
6 n : x n 1 ^ cx ni Xj 1 ^ x^' Xj 1 ^ 3>j (_y ^ ?^), 
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IjxiXi + x 2 x 2 ) , . y 1 / z 2 z 2 

Xl X\ \ X\X\ 

El (v{x)) = ( 1 + ^#-) (2 < * < n - 2), 
7o(«(*)) = ™ 7i (»(*)) = 7 i(«(*)) = _ (2 < i < n- 2), 

lx 2 X 2 X 2 X 2 Xi-xXi-xXi+xXi+i 

7„_i(w(a;)) = _" 7, 7n(u(a:)) 



Since er(i) = i for i ^ 0, 1, the condition (|5.7[) in Lemma [5.31 can be easily seen by (|5.20p and by the 
explicit form of e 2 ; , 74 and £{ (i € I). Thus, in order to prove Theorem 15.21 it suffices to show that 

(5.21) eg i e? = e?e c I| 

(5.22) 7b(e;(«(a;))) = 7o(«(x)), 7i(e§(«(x))) = 71 («(*)). 
It follows from the explicit formula above that 

c, Co/ / \ \ c 2 c , , , u / CiC 2 X 1 Xi + X 2 X 2 _ C 2 (xiXi +X 2 X 2 ) 

V ^(XxXx + X2X2) C\ Ci C\C2X\X\ + X2X2, 

which implies (|5.21j) . Wc get (|5.22p immediately from the formula above and we complete the proof of 
Theorem [Ql for . 



5.5. £)4 -case (n > 4). We have w\ = sis 2 • • • s„_is rl s„_ 2 s n _3 • • • s 2 si, and 

V(DW)i :={v(x)=Y 1 {xi)---Y n - 1 (x n -i)Y n (x n )Y n - 2 (x n -2)---Y 1 {xi)l H v 1 \ x llXl e C x }. 

It follows from the explicit form of W{zo\)i in 14.61 that j/i(c _1 ) = exp(c _1 /i) = 1 + c -1 /^ on W{w\). 
Thus, we have 

v(x) = l m < + x„u„ + ^ Xi-ivj + i>j > , 



where m^m^H), 6(g) := ^ i^l,n-l 



Xi^i 1=1 
gi-i4 



i = n — 1 

The automorphism c; : W(n7i)j — > W(t37i)z is given as 

<7;ui = Ivj, (Jiitj = I Vi, aiVk = ffc otherwise. 

Then we have 

<ri(v(x)) = l m jr 1 ^ + ^2^(x)v^j +x n v„ + (j^Xi-iVj\ + Z£i«rJ ■ 

Then the equation v(y) = a(x)ai(v(x)) (x,y <G (C x ) 2 "" 2 ) has the following unique solution: 

(5.23) a(x) = - — — , yi = a(x)xi — , X% _ (1 < i < n), y i = a(x)xi — , X% _ (l<i<n — 2). 

IX\X\ IX\X\ IX\X\ 

We define the rational mapping a: V(D„' > )i — ► V(D^)i by 
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It is immediate from (|5.24[) that er 2 = id, which implies the birationality of the morphism a. In this case, 
the second condition in Theorem 15.11 is trivial since = i if i, a(i) ^ 0. Thus, the proof of Theorem 
15. II for DIP is completed. 

Now, we set eg :— a o o W, j := "fi o a and Sq := e± o a. The explicit forms of e^, £j and ^ arc: 

caiixi + x 2 x 2 Xi . , 

X\ i— > xi — r — = r^r Xi i~> — (2 < z < nj 

c 

X ' 

x\ \— > xi — 1 r- — ~~-) i— > — (2 < i < n — 2), 

c 



c(xi5i 


+ X2X 2 ) 


Xi^i - 


- £ 2 £ 2 


CX\X\ - 


f X2X2 ' 


CX^Xi "T 


Xi+l^i+1 


X j X ^ 1 





CX^Xj ~t~ Xi-i-iXi-i-i 

X j ^J! ^7 h ~ * % (j ^ i)l (1<Z<7T, — 3), 

c CXn—2Xn — 2 ~f~ Xn—\Xn c(Xn-2^n-2 ~t~ Xn— \%ri) 

e n-2 ' a; n-2 l— * ^n— 2 ~ ~ i ^n-2 l— * ^n-2 ~ ~ : 

Xfi— 2Xyi — 2 ~r Xji — \X n CX n — 2X n — 2 t X n —\X n 

xj 1 — > Xj, Xj 1 — ► Xj (j^n-2), 
e^_i : £„-i i-» cx„_i, Xj 1 ^ Xj, Xj h-> Xj (jV n - 1), 
e n ■ £n 1 ► cx n , Xj 1 ► Xj , Xj 1 ► x j ^ n) , 

Z(xiXl+X 2 X 2 ) , - 1 /. , X 2 X2 

e (w(x)) = S ei(w(x)) = — 1 + 



Xi Xi \ X1X1 

ei {v{x)) = ^± f 1+ ^+i^+i \ ( 2 <i<„_3), 
x^ y x^Xj y 

E n -2(v(x)) = IH - I, e n -i(v[x)) = , e n [v{x)) = , 

Xn — 2 \ Xn—2%7i — 2 J %n—l Xn 

lo(v(x)) = * <n(v(x)) = li{v{x )) = ^ ? _ (2 < 7 < n 3), 

tX 2 X2 X2X2 Xi-lXi-lXi+lXi+l 

7„_ 2 (u(x)) = — ^T 2 ^"" 2 ^ , 7„_i0(x)) = — — , Jn(v(x)) = % . 

Xn— 3*^71— 3*^71 — l%n X n —2Xn—2 X n —2Xn—2 



By these formulas, we can show Theorem 15.21 for £>„ ; similarly to the one for B 
5.6. j4 2 n-i" case ( n ^ 3). We have w\ = S1S2 ■ ■ ■ s n s n -i ■ ■ ■ s 2 Si, and 

V(4 2) -i)i := {«(«) :=li(*i) ' ■ ■r„(x„)F„_ 1 (x„_ 1 ) • ■ .Yi(ici)* H «i | x,,x, G C x } 
In this case, j/i(c _1 ) = exp(c _1 /i) = 1 + cT 1 fi on W(-n7i), and we have 

V\X\ , . . . , X n , Xn— 1 5 • • ■ ;*£l) 



\i=2 



X1X1 1 = 1 



i =/= l.n 
i = n 



The automorphism 07 : W(cti)j — > VF(z<7i)z is given as 

(T;ui = /W]-, o-iUy = l~ 1 v\ 1 aiVk = Vk otherwise. 

Then we have 

ai(v(x)) =l m lr 1 v 1 + (jr&vA + l^Txi-iv.} +lxix 1 v T \, 



si=2 / \i=2 
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Solving v(y) = a(x)ai(v(x)) (x,y £ (C x ) 2 ™ -1 ), we obtain a unique solution: 
(5.25) 

a(x) = - — — , yi = a(x)xi = - — y { = a(x)x; = - — % — (l<i<n- 1), y„ = a(x) 2 x n = T — =r^- 

IXiXi IX\X\ IX\X\ \lX\XxY 

Here we have 

X\ X*2 Xji Xji~ 1 X\ 



(5-26) a(v(x))=V\ _, _, , _ , _, , _ 

IXiXi IX\X\ \lX\X\Y X\X\ X\X\ 

By the explicit form of a in (|5.26|) . we have a 2 = id, which means that the morphism ef is birational. In 

this case, the second condition in Theorem 15. II is trivial since a(i) = i if i, <r(i) ^ 0. Thus, the proof of 

Theorem 15.11 for ^4 2 „_i 1S completed. 

Now, we set :—a o e\ o W, jq := 71 o a and Sq := e\ o a. The explicit forms of ej, E\ and 7* are: 

c CX1X1 + X 2 X 2 Xi , . . x n 

e : Xt h-> xi-; — = — ■ r^r 1, ^ - (2 <! <n-l), x„ i-> — 

C{X\Xi + X2X2) c <r 

_ XiXi+X 2 X 2 _ Si . . 

Xi 1 ► xi — , Xi (— > — (2 < 1 < n — 1), 

CX\X\ + X2X2 c 

CXiXj, -\- Xi_j_iXi_(_i c{XiX^ -\- Xi_|_iXi_|_i) 

Xi I ' Xi , 

X%Xi ~\- Xi_|_xXi-|-i CXiX-i ~\- Xi_)_iXi-)_i 

xj h- > (j / i) (1 < i < n — 1), 

CX n —\Xyi — \ -\- X n c(x n — iX n — i ~\- X n ) 

~ ~ -^n— 1 1 * ^n— 1 ~ j ) 

Xn — lXn—1 ~r Xti CX n — \X n — \ ~r~ X n 

/(Xi^i + X 2 X 2 ) / , xx 1 A , ^2^2 

E (v(a;)) = , £i(v(x)j = — H — 

Xl Xi \ X1X1 

e i (v(x)) = ^(l+ Xi+1 ^ i+1 ) (2<t<n-2), 

Xi \ XiXi J 

/ \ 2 

•En— 2 ( %n \ / / \\ *^n— 1 



Xi 1 > 


Xi 




X% 


Xj l-> 


Xj, 


' n — 1 ' 




Xj 


Xj, 


X n 1 ► 


cx n , 



£„_i(v(x)) = 1 H , s„(v(x)) 



•E71—I V %n — l*En— 1 / *^ 



70^)) = ^, 7i(v(x))= l -^£, 7 i = _ (XiX ° 2 _ (2<i<n-2), 

/X 2 X 2 X 2 X 2 Xi_lXi_lX i+ lXi + l 

7„_l(w(x)) = _" , J n (v(x)) 



X n —2%n — 2-E"n — l&n—l ) 

We can show Theorem 15.21 for A^-i similarly to the one for B ( n ] . 

(2) 

5.7. Z)„_jli" case ( n ^ 2). We have w\ = sqsi ■ ■ ■ s n s n -i • ■ • S2S1, and 

^{D { nli)l ■= {«(») := Y Q (x )Y 1 (x 1 ) ■ • •y„(x„)y„_ 1 (x„_ 1 ) ■ • • Y 1 (x 1 )l H v 1 \ x u xi € C x }. 
It follows from the explicit description of W(vj\)i as in 14.81 that on W{w\)i: 



y 4 (c ^ = exp(c 1 f i ) = 
Then we have 

v(x) = l m < y^^i(x)vj + x n v + l~ 1 x (j)+ y^Xj^u- + xlvj 



a=l / \i=2 
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where 



i = 1 



i = n. 



The automorphism 07 : W{w\)i — > VF(z<7i)z is given as 

aiv =(f>, <7i(j> = v Q , aiv i+ i=i^[, rnvj^r = v n -i (l<i<n-l). 

Then we have 
£7-j(u(a;)) 



l m I I l X n ^iVi + ^2 x n-iVi + I 1 xlv n + linVn + ^ £ n - i+ iVj + Zf x %- + X n (j) + X V > , 



Solving v(y) = a(x)ai(v(x)) (x,y € (C x ) ), we get a unique solution 
/ \ x n —ix n —i -\- x 

fl ( X ) = i 2 ' 

LX n —\ x, n 



(p^n—i—l^n—i—l •^n — i-^n—i^^n—l'^n—l ~t~ ^n) 
lx n —i — i Xj l —\X n 

{l~ 2 xl + XiXl)(Xn-iX n -l + X 2 n ) 



Vi = ~ 1 ~2 (1 < * < «), 



2M-1 — 2 2 

_ a; (a;„_ix„_i + a£) 

y« - 



2 



Z Xn— \X 

(^n— \Xn— 1 "I - ^n)^n— ?— l^n— z^n— z , . , ~\ 

Vi = 77 II T H \ 2 \ — 1 — n _ •)> 

H^n — — l^n— i— 1 T" X n —j j X n —i)X n —\X n 

_ _ (^n — \Xn— 1 ^n)*^0^1*^l 

(x§ + l 2 x 1 x 1 )x n - 1 x 1 n 
Then we have the rational mapping a: 

v ( D n+i)i — > V{ D n+i)l defined by v(x) i-> v(y). The explicit 

forms of £j (1 < i < n) are as follows: 



Xl \ XlXlJ 



ei (v( x )) = ( 1 + :Ei+1 ! i+1 ) (2 < t < n 2), En _i(«(i)) = ^ I 1 



X%Xi J X n —i \ X n —iX n — \ 

Then we get easily that e n —i(v(y)) = Ei(v(x)) (1 < i < n — 1), which finishes the proof of Theorem 15.11 

:2) 
i+i 



for 

ioi u n+ i- 
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Let us define eg := a o e c n o a (a 2 = id), 70 := 7,1 o a and £0 := c. The explicit forms of e*, 7^ and 
eo are 

„ c 2 xl + l 2 X\X\ C 2 xl + l 2 XiXi ^ . . . 

e : x i-> x , 2 „ r^r, Xi ^> Xi 2 rr (1 < l < n), 

c{Xq + Vx\X\) c (%o + 1x1X1) 

_ C 2 Xq+1 2 XiXi . . . 

(1 < 1 < n — 1), 



C 2 (Xq + l 2 XiX\) 

c _ CXjX l + X l+1 X l+1 _ _ c{xjXj + X i+1 X l+1 ) 

X%Xi ~r Xi~\-\Xi~\-\ CXiXi ~r X^-i-i Xj_|_i 

Xj i— ► Xj, Xj i — > Xj (j 7^ i), (1 < i < n — 1), 

c CX-n—iXyi—i -\~ X n c[x n —\X n —\ -\- X n ) 

^n — 1 ' %n—l 1 ^n— 1 ZZ j " ' — 1 -^n— 1 ZZ j 2 ' 

•^n—l^n — 1 T" ^ n CX n — iX n — i -\- X n 

xj 1 — > Xj, i — > (j 7^ n — 1), 

e n : Xn 1 ► CXn, Xj Xj, Xj I ► Xj (j 



7o(«(x)) = 71 = 7i(«(*)) = -fr*^ - (2 < i < n - 2), 

I'XiXi XqX 2 X 2 Xi-iXi-\X i+ \X i+ \ 



[Xn— lXn— l) 

7n_i(u(x)) = -3 2", 7„(u(x)) 



£o(« (»)) 



Xn — 2Xn—2X n Xn — lXji — l 

Xq + l 2 XiX~i 



X 

Let us check the condition (|5.7p in Lemma 15.31 The following are useful for this purpose: 

(5.27) yiiji = a(x) 2 x n -jx n -i, y = a(x)x n , 

(5.28) a(v(y)) = a(a(v(x))) 



a(v(x)) 

Using these we can easily check the two conditions ji = ° ^ arL d £; = £<r(i) ° The condition 
e cr(i) = ^ oe i ° for i = 2, • • • , n — 2 is also immediate from (|5.27|) and ()5.28|) . Next let us see the case 
i = l.n — 1 . We have 

yl + cy n -iy n ~i Vn-iVn-xV + vl 1 



o(e^_i(u(y))) 



Using this, we can get e c a _ i = a o e\o a 1 and then e\ — a o e^.j o cr 1 since a 2 = id. Now, it remains 
to show that 

e- c o e n = e n e o> £ o(e c n (v(x))) = e (v(x)), e n {e c (v{x))) = e n {v{x)). 
They easily follow from the explicit form of eg. Thus, the proof of Theorem l5.2l in this case is completed. 

5.8. -case (n > 2). As in the beginning of this section, we have W\ = s si ■ ■ ■ s„s„_x • ■ • s 2 S:l an d 

V(4 2 „ } ); := {vi(x) = Y (x )Y 1 (x 1 ) ■ ■ ■Y n (x n )Y n ^ 1 (x n . 1 ) ■ ■■Y 1 (x 1 )l H v 1 \ x t ,x t G C x }. 
By the explicit description of W{vj\)i as in l4.9[ on W{w\)i we have: 



yi(c 1 ) = exp(c 1 f i ) = 



1 + c- 1 /, i^O, 
l + c- 1 /o+ 2^/ 2 i = 0. 
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Then we have 



/ \i=2 

-2^2 , „ — 



I T +Iili . ^ 



where m:=wi(if), &(:c) := <( i/Ln 



% = n. 



Next, for W2 = s n s n -i • ■ • siSqSi • • ■ Sn-x, we set 



Va(4n)i : = {«a(y) = Y n (y n ) ■ ■ ■Y 1 (y 1 )Y (y )Y 1 (y 1 ) ■ •■Y n - l (3j n _ 1 )l H 'v fi \vi,V i £ C x }. 



Then we have 



<'2( 



(y) = r \[ E ]5* ) + ( 5>(V)«*J + T f whcrc *(») := <! i+ l,n 



3/L 



*=1 / \i=l / J J/n-iJ(„_i+( y 



i = n. 



Note that zui(H) = m = wt(i%)(.ff') = [w n {H')). For x e (C x ) 2n there exist a unique y = (yo ; • • • >J/i) € 
(C x ) 2 " and <x(x) such that ^(y) = a(x)ui(x). They are given by 



a(x) = 



y = a{x)x 



Px 



Z 2 x 

(x„_ix„_i + x n )(x + Z 2 XiXi) 



yi = I a(x)£i(x) - 2 

XQ'X n —\ Xji 

i2 i \ /- / \ (^i—l^i—l H - ) (^n — l%n— 1 ^n) . \ 

^ = / a(x)&(x) = (1 < % < n), 

•E-i— l^n — l^n 

2/„ = < a(x)£ n = 5 , 

/ \ I XqXiXi O^n— — 1 ~H X n )XgXiXi 

1 X +l 2 XiX~i (xq + l 2 X\Xi)x n -iX n 
/ x Xi—lXiXi {x n —\Xn — X~\~X 71 ^)Xi — \XiXi . . . 

Vi = a(x) —^ = jh = — vk\ 2 (K* <*»-!)■ 

Xi—\Xi—\ ~r X[Xi I \Xi—\Xi — \ ~r XiXi )X n —±X n 
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(2) (2) 

It defines a rational mapping a: V{A\^)i — ► VaC^n)* ( v i( x ) l— * w 2 (?/))• 
The inverse o^ 1 : V 2 (A^)i — > V(A^)i (v 2 (y) >-> v±(x)) is given by 

2 

a(y):= ^k (=a(x)) ' 

x 



x < = a(|/)- i yi ^ + W+lg<+1 (l<i<n-2), 

yi+i 

_l2/n-l2/„_l +l~ 2 Vn 



x n -i = a(y) 



Vn 
Vn 



Xi = {l 2 a{y))- 1 J^+l (l<i<n-2), 



\ + Vi+i 

yn-lVn-lVn 

a(y)(l 2 y n -iVn-i +Vn)'' 



which means that the morphism a: V(A 2r ')i — > ^2(A 2r l)i is birational. Thus, we obtain Theorem 1 5 . 1 f ii) . 

The actions of e.% (0 < i < n) on V2(y) are induced from the ones on Y\ 2 (y)-l H :—Y n (y n ) ■ ■ ■ Y n ^i(y n _ 1 )- 
l H ' (i 2 = (n, ... ,1,0,1, ■ ■ ■ ,n— 1)) since eiV W = for i = 0, 1, . . . , n — 1. We also get 7i(w 2 (y)) an d 
e i( v 2(y)) from the ones for Yi 2 (y) • l H where V2(y) = ~&{v\(x)): 

e L ■ yo >-> cy , Vi >-> Vi, Vi ^Vi (i^O), 

c ym + vl - - c (yiVi + vl) _ 
e-i-yi^yi — — g~) Vi^vi — — 2"> Vi^Vh v% \ % r i), 

2/i2/i + 2/o c 2/i2/i + 2/o 

cyiVi + Vi-iVi-i _ - c(ViVi + Vi-iVi-i) 

e-i'-y%^yi — = — , y i ^y l — — = — , 

2/^2/i + Vi-iVi-i cy t yi + y i -iy i _ 1 

Vj^Vv Vj ^Vj (J ¥=i), (i = 2,...,n-l), 

7oM</)) = ^L 71(^2(2/)) = %^?, 
2/iJ/i 2/o2/22/2 

7i(«2(g))= - ( ^ )2 - (* = 2,...,n-2), 7n -i(«2(2/))- ( ^- l)2 



Vi-iVi-iVi+iVi+i 2/n-22/„-22M 
eo(,2(2/)) = ^, e l( , 2 (2/)) = » (l + -4) , e^fo)) = f 1 + 

2/0 2/1 V 2/12/1 / 2/n-l V Vn-Wn-X 

eMy)) = ^(l+ y -^-) (i = 2-..,n-l). 

Vi V 2/i2/i / 

The explicit forms of £i(ui(a;))and 7i(ui(a;)) (1 < i < n) are also induced from the ones for (x)-l H := 
Yq(x q ) ■ ■ ■ Yi(zi) • Z ff and, we define £ («i(z)) := £0(^2(2/)) and 7o(ui(sc)) := 70(02(2/)) ("2(2/) := 0^1(2:))): 

eo ( Ul (x)) = -fl + ^iy, £ ,( Ul (o;)) = ^ifl + ^±i5±l') (l<i<n-2), 

Xo V ^0 / X i V / 

ei (^(x)) = ^fi + ^V £ »- 1 (^ 1 (x)) = ^fi+ x : V en(uiW) = ^. 

V X\X\ J X n ^i \ X n — iX n — i J x n 
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, 4 _, ,xv~xv~„ 2 _ , 7i(vi(x)) = _ 

/ 4 xixi XgX 2 x 2 ^-l^-i^+i^i+i 



7oM*)) = 7J ^V, 7i(«i(«)) = ^F^, TiM*)) = J „ = (2 < * < n - 2), 



/ / \\ (^m-l^n-l) / , y. X n 
7n-l(UlWJ = - = — , 7n(«l(a:)) = J2 ^2 



Xn— 2 Xn— 2 Xn \Xn— J 

r-1 „ „c „ -=(„, _ -=-\ 



For i = 0, wc define eg(ui(x)) = c o eg o a(vx(x)) = a o eg(t>2(y)). Then we get 

„ C 2 Xo + PxxXl C 2 X + l 2 X\X\ . 

e : x i-> x — — , x l i-> x, 2 — — (1 < « < ra), 

c(Xq + VX\X\) C Z (Xq + l Z XiXi) 

_ c 2 x Q +l 2 xixi . . (c 2 x + ^ 2 xiXi) 2 

(1 < i < n — 1), x„ ■ 



1 C 2 (Xq + l 2 X\Xi) ™C 4 (Xq + l 2 X\Xi) 2 ' 

c CXiXi ~\~ Xi-^-iXi-^-i c(xiXi ~{~ Xi-j_iXi_|_i) 

6^ . Xi I >■ Xi — ■ — , Xi I > Xi — ■ — , 

XiXi ~r Xi-j-lXi-|-i CXiXi T" ^i+l^i+l 

x j l—> ^i) sEj i— > 5Jj (j^i) (1 < i < n — 1) 

c CX n —\Xn—l ~\~ Xn c(.X n _ \Xn — 1 ~1~ Sn) 

^n— 1 • X n — 1 I ► X n — \ — ■ , X n —\ I > X n —i — ■ , 

Xn—lXn—1 T CX n —\X n —\ -r X n 

Xi h-> Xj, Xi i-> (i^n- 1), 

' ^ n ' ^ CXn-i X% I ► Xi, Xi I ► Xi (z ^= /"i). 

In order to prove Theorem 15.21 it suffices to show the following: 

(5.29) el = a^ 1 o e| o <7, 7; = 7, o ct, = o (i ^ 0, n), 

(5.30) e le n 2 = e n e ! 

(5-31) 7„(eg(wi(x))) = 7„(ui(x)), l0 {e c n { Vl {x))) = 7o (wi(x)), 

(5.32) eo(eg(wi(x))) - c^Mx)), 

which are immediate from the above formulae. Let us show (|5.29[) . Set v 2 (y) :=&(vi(x)) and v\(x') 
& ( e i( v 2(y))) for i = 2, . . . , n — 2. Then x'j ~ Xj and x'j ~ Xj for j ^ i — 1, i, and we have 

a(v 2 (y)) = a(«i(x)), 

1 /_ , cyiyA cx t Xi + x i+ ix i+ i 
Vi+i + T. ) = x i 



X; 



a(v2(y)) \ Vi+i J x^i + Xi+iXi+i 

1 cy l y i y i+ i _ c(xjX, + x t+ ix t+ i) 

a(v 2 (y)) cy l y l + yi+iy i+1 % cx i x l + x i+ ix i+ i 

1 (- , cVi-iVi-i\ 

Vi H = Xi-i, 



a(v 2 {y)) V 1 y 
a{v 2 (y)) cyiVi + Vi-iVi-i 



Xi-l, 



where the formula = a(vi(x))xiXi is useful to obtain these results. Therefore we have e c L = a 1 oe\oa 
for i = 2, ... , n — 2. Others are obtained similarly. 

5.9. Atyl ^-case (n > 2). As in the beginning of this section, we have w\ = sqSi ■ ■ ■ s n s n _i ■ ■ ■ s 2 si and 

V^ 1 ); == {Mx) = Y (x Q )Y 1 (x 1 ) ■ • •y„(x„)r„_ 1 (x n _i) • • ■Y 1 (x 1 )l H v 1 I Xi ,Xi £ C x }. 
By the explicit description of W(w\)i as in 14.91 on W(vji)i we have: 



yi(c 1 ) = exp(c 1 f i ) = 



1 + c 1 f i i ^ n, 

l + c-\f n + ^f 2 
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Then we have 



l 1 x +x 1 x 1 ■ _ 1 

Xq 



Vl (x) = l m <J ( &(x)vi + x n v + ^ Xi-iv- j \ where := I Xi lX ^+ x ' x * i^l,n 

Xn-l ' 

and m :— wi(H). Next, for ui 2 = s„s„_i • ■ ■ s\SoSi ■ ■ -s„-i and H' such that m — vj n (H'), we set 

V 2 (4n *)/ == {MV) = Y n(Vn) ■ ■■Y 1 (y 1 )Y (y )Y 1 (y 1 ) ■ ■ •y n _ 1 (y„_ 1 )/ ff '« 5 r | ft, ft £ C x }. 
Then we have 

' yo+3/il/i i = 1 



v.i=i / \i=i / J | 2/„ 

For x £ (C x ) 2n there exist a unique y = (j/Oj ■ ■ ■ ,Vi) £ (C x ) 2 ™ and a(x) such that V2(y) = a(x)v\(x). 
They arc given by 



a(x) 



^n—l^n—1 + %n 
IXn—lX^ 



/ \2 ^o(*^n— l^n— 1 + X n ) 

^ (^|? ' 

, . . . (x n -iXn-l + Xn)(l~ 1 X + XlXl) 

iji = Za(a:)£i(x) = ^ , 

t/i = io(x)^(x) = — 2 — (1< t < n), 

Xi—i X n —i X n 



^O^l^l (x n _ix n _i + X^)x XiXi 



y 1 = a(xj — : — = — : — — r ~ 

l l Xq + XiXi [Xq + lXiXi)X n ^iX^ 

Vi=a(x) = ~ - = 77 = T - \ 2 (!<*<"-!)• 

Xi — \Xi — \ ~r X^X^ £(^Xj — \X% — 1 ~r XiXijXn — \X n 

It defines a rational mapping a 7 : V(^4 2 n — > ^(-A^n ^ u 2 (?/))• 

The inverse o^ 1 : V 2 (A^ f ) — ► V(A 2 2 , ) f ) (w 2 (y) h-> Wl (x)) is given by 

/ x yoyi / / 
a{y) ■= : — (= a{x)), 

/ ^-i 2/o +2/i27i 
2/i 

^. = a(y) -iMl±^±lEi±l (l<i< n -2), 

y*+i 

, x_i2/n-iy„_i + ^ 1 2/, 2 l 

X n -1 = a{y) 2 ' 

Vn 

Vn 



la{y) ' 

Xi = My))' 1 J^ yt+1 _ (l<i<n-2), 

2/ l 2/ l + 



lVn-lVn-1 + Vl 
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which means that the morphism a: V(A^ ) — ► V 2 (A^ ') is birational. Thus, we obtain Theorem 



EHii). 

The actions of e$ (0 < i < n) on 1*2(2/) are induced from the ones on Y 112 {y)-l H -—Y n (y n ) ■ ■ ■ Y n -i{y n —i)' 
l H (i 2 = (n, . . . , 1, 0, 1, ■ • • , n — 1)) since = for i = 0, 1, . . . , n — 1. We also get 7^1*2(2/)) an d 
£1(1*2(2/)) from the ones for Y| 2 (2/) • where 1*2(2/) = ~&{ v i{x))'- 

efj : 2/0 i-> c2/o, 2/i ^ 2/i, 17* Vi (i ^ 0), 

e x : yi i— > 2/1 — — , 2/1^2/1 — , Vi^Vi, Vi ^ Vi (« ^ 1), 

2/12/1 + 2/o q/i2/i + 2/o 

mat + Vi-iVi-i - - c(yiy~i + Vi-rBi-i) 

e-i ■ Vi i-> 2/*^^- , 2/^2/* — = , 

2/»2/i + Vi-iVi-i cViVi + Vi-Wi-i 

Vi^yji y 3 ^y 3 {i¥"i), (i = 2,...,n-i), 

^o „, / , - » _ (2/i!7i) 2 



7o(«2(2/)) = ; _ ro , 71(1*2(2/)) 



(2/12/1) 2 2/02/22/2 

7,(1*2(2/)) - _ ( ^ )2 _ (t = 2,...,n-2) > 7n-i(« 2 (y))= (y "" 1 _ y "- l) 2 2 , 
2/i-i2/i-i2/i+i2/i+i 2/™-22/„-22/n 

/ , y, 2/1 / / 2/2 . _2/0 \ / , ^ 2/n A . yn-2y n - 2 

e i (v 2 (y)) = y ^(l+ V -^^) (i = 2...,n-l). 

The explicit forms of £j (1*1(2;)) and Ji{vi(x)) (1 < i < n) are also induced from the ones for Yi 1 (x) • l H := 
Y (x ) ■ ■ - Yi(xi) ■ l H and, we define e {vi(x)) := £0(1*2(2/)) and 70(1*1(0:)) := 70(1*2(2/)) (1*2(2/) : = ^(vi(x))): 

e (v 1 (x)) = -(l+ l ^)\ Ei (v 1 (x)) = ^(l + 2±¥P±) (l<i<n-2), 
x V £0 / a^i V Xja;, / 

s„_iMx)) = ^ ( 1 + X l ) , e n ( Vl (x)) = 

70(1*1 (x)) = 7r 4^ ) 71(1*1 (1)) = 7i(«i(i)) = _ (X ^' )2 _ (2 < * < n - 2), 

(txixi)^ X0X2X2 Xi-iXi-iXi+iXi+i 

l r\\ i x n— l x n— l) / / 

7„_i(vi(x)) = -j, 7n(ui(x)) = = 

Xn— 2Xn— 2X n X n —\X n —\ 

For i = 0, we define eg(i;i(x)) = a 7-1 o eg o a{v\{x)) = a 7-1 o eg(u2(2/))- Then we get 

c (ca; + IxiXi) 2 CXQ + lXiXi . . 

e : .t ^ x — — — —2, x l ^x l — — — —r(l<i<n), 

c(xq + lx\X\Y c{x + Lxixi) 

_ cx + lxixi . . 

(1 < i < n — 1), 



c(a;o + ZxiXi) 

c CX^Xi -\- X^iXj^i ci^XiXi ~\~ X^lXi-^-i^ 

e^ . Xi I ' — ■ — , Xi I ^ X2 — j — , 

X%Xi t Xi-j-lXi-|-l CXiXi + Xi-(-lXj-(-l 

Xj 1 — ► Xj, Xj h- > Xj (j ^ i), (1 < i < n — 1), 

c CX n _iX n _i -|- x n c{x n —\X n —\ -)- x n ) 

^n— 1 ' X n —i I ► X n _i — ■ 2~ , X n —\ I ^ X n _i — ■ 2 

Xn— lXn— 1 t X n CXn — lXn — 1 ~r X n 

Xj x^ Xj i-> Xj (i^n - 1), 

C n ^ X n I ^ CX ni Xi I > Xi, X 2 ; I ► Xi (z ^ ?x). 
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In order to prove Theorem 15.21 it suffices to show the following: 

(5.33) el = a^ 1 o el o a, % = 7, o a, £i = e { o a (i ^ 0, n), 

(5.34) eS 1 eS , = eW, 

(5-35) 7n(e5(ui(a:))) =7„(ui(x)), 7o(e£(vi(a;))) = 7o(«i(a;)), 

(5.36) e (eo(«i(a;))) = c _1 eo(^i(z)), 

which are immediate from the above formulae. Let us show (|5.33[) . Set V2(y) :=a(vi(x)) and v\(x') 
CT _1 (e^(f2(y))) for i = 2, . . . , n — 2. Then x'j = Xj and x'j — Xj for j ^ i — 1, t, and we have 

a(v 2 {y)) = a(v!(x)), 
, _ 1 /_ cy^ \ _ cx{Xj + 



1 CViViVi+l _ c(XiXi + x i+1 x i+1 ) 

- Xi 



a ( v 2(y)) cy l y l + y i+ iy l+1 cx i x l + x l+ ix l+ i 

1 (- , c\)%-\Vi-\\ 

Vi H = Xi-l, 



a(v 2 (y)) V * 

1 cyi-rjj^y, 



a{v 2 {y)) cy i y i + y l -iy l _ 1 

where the formula yOy i = a(vi(x))xiX~i is useful to obtain these results. Therefore we have e c L = a^ 1 oefoW 
for i = 2, . . . , n — 2. Others are obtained similarly. 

5.10. Ultra-discretization of V(g)f. Let us investigate the ultra-discretization of V(g);. 

By the explicit forms of the geometric crystal V(g)z, if we assume that I is a positive real number, it is 
clear that it has a natural positive structure 0i : (C x ) m — > V(g); (a; i— > v(x)) where m = dim V(g);. Then 
we have the following theorem: 

Theorem 5.4. For g = B^ , , D^ x , A^-t and A^ , suppose that I > 0. Then the ultra- 
discretization (V(g)z) associated with the positive structure 0i is isomorphic to the crystal i?oo(g L ) 

Proof. First we consider the case g ^ 4n- Let V(g) be the affine geometric crystal in |KNOj . It 
follows from its explicit form ( |KNOj ) that restricting 1 = 1, we have the isomorphism 

(5.37) V(fl)i| I=1 ^V(fl). 

The resulting crystal of the ultra-discretization UDg l docs not depend on I. This and (|5.37|) imply 

UD 0l (V{g)i)=UD 8 {V(g)) 
as crystals. We show in [KNO] that UD e (y(o)) = B 00 (g L ). Thus, we have UD 0l {V{g)i) = B^tf). 



(2) (2)^ 

As for the case g = A 2r t , we consider as follows: For the geometric crystal V(A 2ll )i , we define :=e 



n—i , 



li := In-i an d £i ; — £n—i and set x% >— ► y n -i (i = 0, - • ■ ,n) and x, <— ► y„_i (i = 1 • • ■ ,n — 1). We denote 
by V; the -geometric crystal thus obtained. The explicit form of V/ is e.g., eg : yo l—> cyo, 3b(y) = ^ 
and 7 (y) = °t c - By using the birational map a for as in 15. 8[ we obtain the isomorphism of 

(2) 

geometric crystal 

Here V; is isomorphic to V(A^ )i as an A^ -geometric crystal. Due to the results in |KNOj and the 
fact V(4 2 „ )f )H/=i = V(4^ )t ), we have 

UDe l2 (Vp) =UD 6i2 (V(A^) P ) =UD e {V{A^)) - Boo^). 
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Let us denote by B\ the perfect crystal B\ {A 2n ) considered as an A 2n - perfect crystal. Then the crystal 
B 00 (A^) can be regarded as the limit of perfect -crystals {£?/}. rj 

6. Folding of D„ -Geometric Crystal 

6.1. Dn- geometric crystal Br,(Dn^). Wc review the geometric crystal Bl(dIP) (n > 4) in [KOTYj . 
Taking L £ C x , define the geometric crystal BiiDn^) ■= (^(I)! 1 '), {e^}, {7^}, {£i}) as follows: 

B L (DlP) := {I = (h, . . .,l n ~ln-x, ■■■ ,h) 6 (C^) 2 "- 1 \h ■■ ■ IJn-x ■■■h=L}, 

£o(0 = h ( J- + 1 ) , 6 n -l(l) = Un-li e«(0 = In-l, = k + 1 

V2 / \H+1 

/7\ ^1^2 /j\ ln—1 /,\ In — l^n /7 \ lili-\-l 
7o(<) = 7-j-, 7n-l(«) = , ln{l) = -j , 7i(0 = f~. , 

e o(0 = (7-.—.- ■■,6^2,^-), 4-1(0 = (-,dn-i,— ,••), e n (l) = {-,cl n , 1 ^,-), 

$2 C £ 2 C C 

4(0 = (•••> 7 — > ,&+ik+i,7 — >•••)> (& : = 7 , , ) (« = 1, • - • ,n — 2). 

This is isomorphic to the geometric crystal V(D„ )l- 

Proposition 6.1. We have the following isomorphism of Dn -geometric crystals: 
(6.1) B L (Dlp)^V(Dlp) L . 

Proof. Define E : B L {Dn 1] ) -> V(D n 1] )L (I ^ x) to be 

1 _ __ h---k , 1 1 

- , . (^Z 1 . . . , TL ZJ, X n — 1 . _ _ _ , X n 



hh^'h L hh • ' ' ln-lln l\ll'''ln-\ 

The inverse 5 _1 is given by 

7 T — 7 1 x i 7 2-1 — 1 /■ r, o\ / -^n— 1 7 7 ^n — 2 

tl — -LXi, l\ = , li — — , Li = = Z, . . . , U — Z), L n ^i — — , L n — , <„_! — . 

X\ Xi — \ Xi X n — 2 %n — 1 

Then it is easy to see that it commutes with the action of and preserves and Ei. For example, for 
x = we have 

_ d 2 + h _ c fl + §7 _ cxixi + x 2 ^2 r 

2 72 + ^2 fj + It ^i^i + ^2 ' 1 

Then we obtain 

c , jV . „Ji 6^2 tfT cli cxi x 2 x 2 r _ > c „ m 
& c 6 r i c c 

I \ T X 1 X 1 + X 2 X 2 Lli L'hh , (h . A , A 

£o(=(0) = £ o (x) = L = i— ^ — ^ = /i r + 1 = e (0- 

'1 

Other cases are shown similarly. rj 

6.2. Folding. We introduce certain involutions on Bl^D^) corresponding to the Dynkin diagram au- 
tomorphisms for Dn ■ Let us consider the following Dynkin diagram automorphisms for D^ : 

N = n + 1 ctq"' 1 idoMCii, on i— > Q(j (i ^ 0, 1), 

= n + 1 cr[™' ) : a n <-> a„+i, a, i— > a, (i 7^ n, n + 1), 
N = 2n '■ on <-» a2«-i (i = 0, 1, . . . , 2n). 
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For each involution o~j on D^'(j = 0, 1, 2), we define the involution Y^ 1 on Bl(D$) (j = 0, 1, 2) as a 
unique solution I' of the equations for a given I: 

(6.2) 7 <r w w (O=7i(0, e ff <-) w (O = ^(0 (i = 0,l,...,JV). 

Then we get: (/' :=Ej n) (Z)) 

^ : B i (i?Si 1 )_ >Bi ( I) W i)j 

Zf = ili = Zl, Z- = ?ij ij = h (i ^ !)• 

,/ _ hn-lhn-l f _ hnhn-lhn-l ,/ _ h 

1 — 7 n ' 1 — 1 71 ' 2,1 — F' 

*2n-l + *2n-l '2n-l + '2n— 1 11 

j/ _ Mi / k+1 + Z_i+l \ j' _ ZjZj / + k+l \ < j < 9 n _ 9) 

2 ™ k+i V Zt + k / ' 2 ™ k+l v Zi+7j / ~ ~ 

Lemma 6.2. Let (X, {61)1=1,2,3, {7i}i=i,2,3, {ei}i=i,2,3) be a A3- geometric crystal (a lj = -1 if\i—j\ = 1.) 
and set E\ := e\ o e\{= e\ o e£). TTien we /lave 

Bfef d E?ei = e d 2 Efef d E^ (c, d € C x ), = C - 2 72 (z)- 

Proof. The second equation is easily obtained: 

72 (£i c (aO) = 72(e^ o e%{x)) = c^^)) = c^ l2 (x) (x e X) 
The first one is derived as follows: 

rpc c 2 dj?cd d _ I c c\ c?dl p cd cd\ d _ c cd <?d c cd d _ c cd c 2 d d cd c 
£/ l e 2 "1 e 2 — l e l e 3J e 2 l e 3 e l /> L 2 — e l e 2 ^3 e 2 c l e 2 — e l e 2 e 3 e l e 2 e l 

- P C P cd p d p c2d p cd P C — p d p cd p c p c2d p cd P c — p d (p cd p cd \p^ d (p c p c \ — P d E cd p c2d E c n 

— c x c 2 tjCg e 2 — e 2 eq e 2 e 3 e 2 e x — e 2 \ej e 3 je 2 l^ejj — e 2 -C/! e 2 r J1 . rj 

6.3. Fixed-point variety- B„ . As for the involution E^ we consider the fixed-point variety x[™' L ' ) C 
Bx(-DSi): 

:= {I = (h, . . .,l n+ i~l n , . . .,h)\z[ n) (l) = Z(^ l n +i = 1)}. 

Proposition 6.3. Let B^D^^) = (Sl, {e^}, {7^}, {e,}) be the D^^- geometric crystal as above. Then 
we have a Bn -geometric crystal structure on X^'^ as follows: 

(e^V:=(l c f ^ n ', 7f^ )) :=7, (i = 0, . . . , n). 

[ e n oe n+i }ori = n, 

Proof. It suffices to check the conditions for a geometric crystal. But, most ones are trivial ex- 
cept the cases related to i = n. Namely, we have to see the Verma relation between e n _i and e n , 

li Bn \( e n" ) c (x)), jn B " \{ef" ) c (x)) and e~n n '((ef" ) c fx)'). which are immediate from Lemma HT2l rj 
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Moreover, the geometric crystal x[ n,L ^ induces another B„- geometric crystal BL(Bn^)'- 

Bl(B^) := {m = (mi, . . . , m„,m„, . . . , mi)(C x ) 2 ™ | mi • • ■ m„m„ ■ ■ - mi = L}, 

e {m) = mi ^ + 1 , e n (m) = m„, e t {m) = m t ( 7 ^±1 + i ) (j = 1, . . . , n - 1), 

mim 2 . . m„ m,mj + i 

7o(mJ = , 7 n (m) = — , 7i(m) = — [i = 1, . . . , n - 1), 

mi 77i2 m„ mim i+ i 

cl s ,77ii 6 m 2 cmi m„ 

?2 C £ 2 C 
e *( m ) = (•••) 7 > J'" >€i+l m i+l>7 '■■•) (« = 1, ■ ■ ■ ,77 - 1) (&:=■=— )• 

Let t?: B L (BP) — ► X[ n ' L) (m h-> I) be the morphism defined by 

h = mi, It =rrii (i = 1, ■ • • , n), 

where (Zi, . . . , l n , l,l n , . ■ ■ ,Ii) £ x[ n and m = (mi, . . . , m„,m„,mi) G Bl(b2 ). It is trivial that 77 
commute 
crystals. 



commutes with the actions and preserves 7* and £j. And then 77 is an isomorphism of Bn ^ -geometric 



Proposition 6.4. We have the following isomorphisms of Bn^ -geometric crystals: 
(6.3) V(BlP) L ^B L (B ( T P)^x[ n < L \ 

Proof. The second isomorphism in (|6.3p is given by 77. Then let us see the first one. Define 
S: B l {b£ ] ) V(si 1) ) L (777 ^ a?) to be 

1 . , _ mi---m, 
a;, := = — (7 = 1, . . . , n), x t = (t = l,...,n- 1), 

77717772 • • • TOj L 

and the inverse is 

- r X % i . X 11 1 X i — \ , . 

mi = Lx\, nii = — — (2 < 7 < 77 — 1), m n = — , mi = — , mi = (2 < % < n). 

Xi—i X n —i X\ Xi 

Then, by a direct calculation, we can check that S commutes with any e° and preserves 7, and £j. Thus, 
3 is an isomorphism of B^P -geometric crystals. rj 

6.4. Fixed-point variety-!)^. As for the involution := o £ff l+1) (= S^" +1) o on 

Sl(D„_^ 2 ), we consider the fixed-point variety X^ n ' L ^ C Bl(D^ 2 ): 

X^ n ' L := {I = (h, . . . , l n+2 ,l n+ \, ■ ■ ■ ,li)\^z' L \l) = l(<^ l n +2 = 1, h = h)}- 

Proposition 6.5. Let Bl(D^1 2 ) = {Bl, {ei}, {7;}, {Ei}) be the D^l 2 - geometric crystal as above. Then 
we have a D^+i~ geometric crystal structure on X^ n as follows: 



. sS 1 1 for i ^ 0, ?7, 

(e, + ) :=S e o oe i /or 7 = 0, , 7 8 :=7i+i, ^ :=£i+i (« = 0,...,n). 

2^+i o e c n+2 for i = 77, 



Proof. We can prove it by the similar argument for x[ n ' L ^ using Lemma 16.21 
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The geometric crystal X^ n,L ' induces another D^_ x - geometric crystal Bl^D^^): 

Bl(D^ 1 ) := {m = (m ,mi, . . .,m„,I„, . . . ,m"i)(C x ) 2 " | m§m! • • • m„m„ ■ ■ -mi = L}, 

e (m) = m ( =^ + 1 ] , £n(m) = m n , £i(m) = m l [ Vh±L + i ) (i = 1, . . . , n - 1), 
\mi / \m i+ i J 

7o(m) = — , 7„_x(m) = — — , 7„(mj = — , 7,(m) = — [i = 1, . . . , n - 2), 

mi m n m n -i m n mimi+i 



e o( TO ) = (-^— ! — *~> ■ ■ (£i(™) := 2 _ , : e„(m) = {■■,cm n , , ••), 



a \ , crrii £ i+1 m i+ i _ rrii cm l + m, 

e i( m ) = I-" >7 > >*•• >?i+i m i+i=7 — >■■■) = (6 : = =— ; )• 

«+i c fj+i mi + m l 

Let 77: BL(Dn+i) — * X^ n,L ^ (m 1— > be the morphism defined by 

h+i = m, (i = 0, 1, • • • ,n), = Mi (i = 1, ■ • ■ , n), 

where (Zi, . . . ,Z„+i, 1 J„+i, • • • ,2a, ^i) £ X^ L) and m = (mo, mi, . . . ,m„,m„,mi) 6 Bl (D^ ) . Then, 77 

(2) 

is an isomorphism of Z^Yj- geometric crystal. 

(2) 

Proposition 6.6. M^e /lave the following isomorphisms of D^!-^- geometric crystals: 

(6-4) V(^ 1 )L^B i2 (4 2 ]i)^"' i2) . 

Proof. The second isomorphism in (|6.4[) is given by Then let us see the first one. Define 
5: B L ,{D^ +1 ) -> V^Ji (m -> s) to be 

a; := — , x 8 : := 2 — u = 1, ...,n), x l = — (i = 1, . . . , n - 1). 

mo m^mim2 ■ ■ ■ 1/ 

and the inverse is 

mo = — , mi = L xi, rrii = — — (2 < i < n — 1), m„ = — , mi = — , m, = (2 < i < n). 

Then, calculating directly, we can check that S is an isomorphism of geometric crystals. q 
6.5. Fixed-point variety- -A^n-i* As for the involution £ 2 ™^ we consider the fixed-point variety JT 2 ™' L ' ) C 

X 2 n ' := {I = (li, . . . , hn,hn-li ■ ■ ■ ,^i)|S 2 \l) = I}, 
where the condition S 2 "^(Z) = / is equivalent to 

; _ hn-ihn-i 7 _ hnhn-ihn-i ] _ hh ( h i 1 1 7 1 I h. -L 1 I 



h n -i = M i - lj± ^, l2n- t = ^ 1 -^^ (i = 2,...,2n-2) > Z 3n = ji 



(6.5) 

Note that all the equations in (|6.5p are not necessarily independent. Indeed, we only need 277,-equations: 
?! = ■•■ ,/„ = ••• and li = • • • , l n = ■ ■ ■ in (|6.5() . 



Proposition 6.7. Let BlID^Ii) = (Bl, {ej}, {"/i}, {^i}) be the D^J -geometric crystal as above. Then 
have a A < ^_ 1 -geometric crystal structure on X^ 1 '^ as follows: 

( (A {2) ) 

._ J e i e 2„-, < i < n - 1, := 7i (= 72n _,), 



/or i = n, (^L'-i) 



i(= £ 2n-j) (i = 0, ...,n). 



TROPICAL R MAPS AND AFFINE GEOMETRIC CRYSTALS 



33 



The proof is similar to the previous cases. 

The geometric crystal X^' L ^ induces another ^4 2 n-i~ geometric crystal £>z,(A 2 n-i) : 
s i(^2n-i) : = i m = ( m i> ■ ■ ■ ,m n ,m n , . . . ,mi) G (C x ) 2n | m n m n {m x ■ ■•m n _il n _i • ■■mi) 2 = L 2 }. 
For m G B L (A^2-i) set 

M(m):= ^= — , M(m):= = _(=*_). 

mi • • • m n -im n ■ ■ ■ m\ mi ■ ■ ■ m„m„_i • • • mi 7W (m) 

£o(m) =mi[ = ^ + l) , e„_i(m) = m„_i(M(m) + 1), e„(m) = m„, £j(m) = m ?; I + 1 

\m 2 J \m i+ i 

7o(m) = , 7„_i(m) = — M[m), 7„(m) = zz-, 74 (m) = zz (1 < % < n - 2), 

ra 1 m 2 m n -i m„ 

mi (im 2 t _ cmi m„ 
e o( m ) = (-7-1 . ■ ■ -,£i m 2, -7—), e n (m) = (",cm„, , ••), 

si c 5 c 



e n-i( TO ) = (• ■ ■ ,"> n -i- — ,m„ — 5-,m„f n _i 



C £n-l — >2 m «-l 

^ j m n „ i^nSji— 1' ' 
Cn-1 c ?n-l 



e i( m ) = {■■■ >-r~> > •■ ,&m i+ i, — , .. .) (i = l,...,n- 1), 

Si c & 



where 

( cm i+1 +mi +1 



for i ^ n — 1 
i m \ for i = n — 1. 

l+JVf (m) 



Let 77: Bi(j42n-i) — * X^™ ^ ' (m^l) be the morphism defined by 

/ 7 — r 1 -n ; TO " 7 m " 

L = m,j, Li = mi (1 = 1, . . . , n — 1, t„ = : — r, t n = = , 

V ' ' ; ' 1 + M(m)' " 1 + M(m) 

where Zj, (i = n + 1, . . . , In) are uniquely determined by (|6.5p and then, 77 is an isomorphism of ^4 2 n-i" 
geometric crystal. 

f2l 

Proposition 6.8. We have, the following isomorphisms of A\^_^- geometric crystals: 

(6.6) ViA^^MA^-J^X^. 

Proof. The second isomorphism in (|6.6p is given by 77. Then let us see the first one. Define 
5: # L (41i) - V(41i) L (m ~ z) to be 

1 _ _ m r -m, , . _ 1 _ . 1 

■^i • ; &i — T n V 1 — 1, . . . , 77, 1 J , X n — . . , 

m\m 2 ---mi L z m n (m\ ■ ■ ■ m n —i) z 

and then the inverse is 

-2 ^ "^i — 1 /o ^ - ^ -i \ *^ 



mi = L xi, mi = — , m l = , mi = — (2 < i < n— 1), m n = 

Xi—i Xi Lj X rl _i X n 

Then, by direct calculations, we can check that S is an isomorphism of geometric crystals. rj 

6.6. Fixed-point variety- A 2 2 ^ . As for the involution := E 2 " +1 ' ) Ej 2n+1 ' ) E[ ) 2 " +1 ' ) we consider a fixed- 
point variety X [ ^ L) C Bi(U^ +2 ): 
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where the condition £4 (I) = I is equivalent to 

h = h = ' 2 " +1 ^" + 1 l 2 n+1 = ( b- + 1 ) Z 2n+ i = Zj ( + 1 ) , hn+2 = 1) 

/g J-J J2n+l+'an,+_l '2 V <2 /_ \(2 y 

Z 2n +2- 4 - — h+ - h , W2-.-]^ h+ - u [i-2,...,2n). 

Note that all the equations in (|6.7p are not necessarily independent. Indeed, we only need 2n-equations: 
h = ■ ■ ■ , l n = • ■ ■ and 7i = ■ • • ,l n = ■ ■ ■ in (16. 711 . 



7i 



Proposition 6.9. Let Bl(D^, 2 ) = {^i}, {li}, ^ e ^ e D^ +2 - geometric crystal as above. Then 
we have a A 2 „ -geometric crystal structure on Xj™ as follows: 

(2) [ 4 e-i ° e|„+i ° e§„ +2 for i = 0, 

(e^ 2n) ) c := I e? +1 o e^_, +1 /or 1 < i < n - 1, 

fori = n, 

„( A 2n) ._ f 7o(= 7i = 72n+i = 7271+2) /or i = 0, 
1 7i+i(= 72n-i+i) fori^O, 

e [ A< £t) ._ I £ o(= £l = £2n+l = £2n+2) /or i = 0, 

[£j+l(= E 2n -i+l) fori^O. 

We can prove it by a similar argument to the ones for the previous cases. 

The geometric crystal X^' L ^ induces another A^- geometric crystal Bl(A^): 

Bl(A^) ■= {m = (mo, mi, . . . ,m„, m„, . . . ,mi) G (C x ) 2 " | m n m n (mlmi ■ ■ ■ m„-im„-i • ■ • mi) 2 = L 2 }. 

For m g B L (A^) set 



1 

m^mi ■ ■ ■ m n -im n ■ ■ ■ mi ' v ' m\mi ■ ■ ■ m n m n —i ■ ■ ■ wi v M{m)' 



M(m):=— — — , M(m):=— — — ^(=77777)- 



eo(m) = mo ( ^ + 1 ) , e„_x(m) = m n _i(M(m) + 1), e n (m) = m„, £j(m) = m, [ + 1 

7o(m) = — , 7n-i(m) = — M(m), 7„(m) = 7*(m) = — (1 < 1 < n - 2), 

mi m n _i m„ mim i+1 

So c £ c 

f2 — 

c 1 \ 1 C Sfi-1 — ^2 m n~l \ 

e i( m ) = (•••! "T - j >• • • 7~' ■ ■ 2 J) 

Si c 4i 



/ c 2 Wi+mi 

mi+mi 
I CTOj + i+ro i + i 



where 

for i = 0, 
for i 7^ 0, n — 1 
?~!" w/ m <l for i = n — 1. 

l+Af (m) 

Let r 1 : B L {A { £) — ► x[ n,L ] (m ^ i) be the morphism defined by 

h=h=m Q , k = mi-i, \ = mi_i(i = 2, . . . , ri), l n +\ = z , — r, I n+ i = - — =- — 

1 + M(m) 1 + M(m) 



where Zj, Zi (i = n + 2, . . . , 2n + 2) are uniquely determined by (|6.7p and then, 77 is an isomorphism of 
1(2) 

1 2n" 



^2n" geometric crystal. 
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(2) 

Proposition 6.10. We have the following isomorphisms of A 2n -geometric crystals: 

(6-8) V{A%) L ^B L {Af^X<t> L2) ■ 

Proof. The second isomorphism in (|6.8[) is given by m Then let us see the first one. Define 
S: B L (A%) - V^IJl (m - x) to be 

1 1 _ mi • • • in* 



7 3>i ■ 2 ' — to 1 ? ... 5 72 1), X n 



mo mgmim2 • • ■ nii m rl (mgTOi ■ • ■ m„_i) z 

and the inverse S^ 1 is 

mo = — , mi = L xi, mi — — , vtii — — — , mj = (2 < i < n — 1), m n = =2 ^ — , m n — . 

Xq Xi Xi—\ Xi X n _i Xn 

Then, by direct calculations, we can check that S is an isomorphism of geometric crystals. rj 

7. Product Structure on Affine Geometric Crystals 

In general, if Xi and X2 are geometric crystals induced from unipotent crystals, the product Xx x X2 
possesses a geometric crystal structure ( jBKj . fNl] ). More precisely, let Xi = (X, {e^}, {7;}, {£*}) and 
X 2 = (Y, {ej}, {7i}, {£i}) be geometric crystals. For x G X and y G Y set 

(7-1) Tito?/) : =7i(a07i(3/) 5 

(7.2) e l (x,y):=e l (x) + etix) ^ iy) ( Vi (x) = 7(^i(z)), 

tpi{x) 

(7.3) e<i{x,y):={^{x),e?{y)) where Cl := ^f. '] ± "f. '] , c 2 :=^. 

Theorem 7.1 ( [BK1 INI] ). Suppose that the geometric crystals Xi and X 2 are induced from unipotent 
crystals. Then, (|7.ip - (|7.3[) endow the product X x Y wit/i a structure of a geometric crystal. Moreover, 
i/Xi and X2 are positive, then Xi x X 2 is positive and we have the isomorphism of crystals: 

(7.4) W£>(Xi x X 2 ) £ WD(Xi) g> UD(X 2 ). 

As for the affine geometric crystal V(g); in Sect. O its data e^, 7^,64 (i £ I \ {0}) are obtained from 
the ones of the geometric crystal B7 ■ l H as in 12.31 which is induced from the unipotent crystal on some 
X w x l H where i is a reduced word for w and X w is the Schubert cell associated with w G W. Thus, by 
Theorem 17. II we have a go- geometric crystal structure on V(g)Li x • • ■ x V(g)z, fc . 

Theorem 7.2. For any k G Z>o and L\, ■ ■ ■ , L k G C x , the product V{q)l 1 x • ■ • x V(g)i k possesses an 
affine geometric crystal structure. 



Proof. By the argument above and Theorem 17. 1[ it is enough to check the conditions in Definition ^. II 
related to i — 0. First, let us check 7j(e£(xi, • • • ,x k )) = c aij -fj(xi, ■ ■ ■ ,Xk) for = (i,0), (0,i). For 
Xj G V(g)Lj and i G /, we have 

7o(e-(xi, • • ■ ,x k )) = 7o(e- 1 (a;i)) • ■ ■ 7 (eJ fe (a*)) = c? io 7o(xi) ■ • • c^°7o(a;jb) = c aio 7o(xi, • ■ ■ ,x k ), 
7i( e o(^i I ■ ■ ' ,Xk)) = 7i( e o 1 ( a; i)) ' ' ■7i( e o fc ( a: fe)) = Ci 0, 7i(^i) • • ■ c^jiixk) = c aoi ji(xi, ■ ■ ■ ,x fc ), 

where ci, • • ■ , are obtained by using (|7.3[) repeatedly. 
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Next, let us check the relation £o(eQ(xi, • • • ,x k )) = c 1 Eq{x\, ■ ■ ■ ,x k ) by the induction on k. Assume 
e (eo(x')) = c^ 1 e ((x')) and ip (e%,(x')) = ap {{xf)) where x' = (x\, ■ ■ ■ ,x k -\)- 

e (e c ( Xl ,-.-,x k )) = e (eZ(x>),eZ(x k )) = s (e^(x')) + ^(eg 1 ^))^^ 2 ^)) 

-i , i \ , £o(x')e (x k ) _! / , £o(^)£ofa) ^ 

loOO +£o(x fc ) ^ C^o(xO_+£o(Xfc) _ ^ , = / , £p(a; / )£o(.Tfc) \ 

ap (x') +e (x k ) cip {x') \ ° yo(x') / 

= c~ 1 £ (a;i, • • • ,x k ). 

Finally, let us check the Verma relations: we need to see the following cases 



(i) The case g = A 



(i) J e o e i e o = e i e 



e^ef = efeg if i ^ l,n. 

' %ef e\ = e$eg>ef Hi = 2 
e c ef = efe c if* ^2. 

if i = 1 



(ii) The case fl = B^,^, A^_ r , c d _ d c 



„a„a b„ab„b _ „b„ab„a"b 



(2) .(2) l^e, e e 4 =e 4 e 



6 ■ 6n G„- Cn 



(hi) The case g = A 2n . 

[e§ef = efe§ if * ^ 1. 

By the result in jKOTYj , we have the product structure on {Bi(A^)} and {Bi(D$)}. Since V(A^)i = 
Bi(A^) and V(£>i 1) ); ^ Bi(D^), we also have the product structure on {V(AL 1} );} and {VCD! 10 );}. 
Hence, we have the Verma relations on their product. Thus, we obtain the case (i) and (ii) g = Dn\ 
For the case a(i) ^ 0, it is easy to check the relation. Indeed, e.g., for the case (hi) i = 1, we have: 

egef b efe\ = ^ l <&){lT 1 e*\a)< < ir 1 e* a^e^a) = IT 1 {e a n e a *\ef e b n _ 

— 7T~ 1 (p b P ab p a2b p a \7f — p b ab a 2 b a 

Similarly, the other cases with a(i) ^ can be shown. 

To complete (ii) and (hi), it suffices to check the cases a(i) — : i.e., (ii) i = 1, (hi) i = n. 
In the previous section we see that for g ^ An the geometric crystal V(g); is obtained from the geometric 
crystal B{D^)i> [V = I or I 2 ) by the method of foldings. Thus, in the case (ii) we have (eg) c = (e„ N ) c 
and (e?) c = (ef~) c for g = B^,A^_ V Since (e£" ) c (ef " V = (ef "VC" ) c , we have (e«) c (e?) d = 
(ef ) (6q) c and then we completed (ii). In the case (hi), we have (e£) c = (e£ N ) c and 

n<i) 

I (p 

(e n ) c = 



l e n+l I u V-n+2 ) V ^n+H 



, ( e n+l +2 ) C S — ^2n ■ 

Then (e§) c ( e 8) d = (e8) d (e^) c , which completes (hi). Q 
By Theorem [531 Theorem 17.11 and Theorem 1 7. 2 [ we obtain 

Corollary 7.3. For positive real numbers Lj (j — 1, ■•■ , fcj, Zei : T' — > V(g)i i be the positive 
structure as in the previous section. Then 

6 := (8 Ll , ■ • • , 6 L J : T' xfe - V(g) Ll x • • ■ x V(g) Lfc 

defines a positive structure on V(g)Li X • • • X V(g)L fc a^rf we have the isomorphism of geometric crystals: 

(7.5) UD e (V(g) Ll x • • • x V(g) L J s S^^)^. 
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8. M-matrices and Automorphisms 

8.1. Definition of M-matrices. An M-matrix is an important object to realize tropical R map from 
geometric crystals, though its exact definition is not yet fixed. In this paper, we take the following as a 
temporary definition of M-matrices. 

Definition 8.1. Let g be an affme Lie algebra and Bl C (C x ) k be a certain g-geometric crystal depending 
on L G C x . For x € Bl and an indeterminate z, a square matrix Ml(x, z) with entries in C(x,z) is an 
M-matrix if 

(i) For x G Bl, i € / and c G C x , there exist non-singular matrices Xj(x, c, z) and Yi(x, c, z) whose 
entries are in C(x, c, z) and satisfying 

M L {e1 (x), z) = Xi(x, c, z)M L (x, z)Y l (x 1 c, z). 

(ii) For a given (x, y) G Bl x £>.k" and L,K e C x , the solution (x', y') G Sr- x of the equation 

Mi(x, «)Mjf (y, z) = MkC^', z)M L (y', z), 

uniquely exists for any z and the correspondence (x,y) i— > (x',y') defines a birational map 
R : Bl x Bk — ► Sjc x S M - 

(iii) Let Xj, j/j be in (j = 1, 2, . . . , to). Suppose L, 7^ Lj (i 7^ j) and 

Mtj (xi , z) ■ ■ ■ M Lm {x m , z) = M Ll (yi , z) ■ ■ ■ M Lm (y m , z) . 
Then xj = yj (j = 1, . . . ,m). 



Example 8.2 ( jKOTYj ). A)l 



(i) 



case: 



Let Bl(Au) be the geometric crystal as in Sect[M Forl = (h, . . . , l n+1 ) G B L (AX>), set 



M L {l,z) 



-1 l^ 1 



V 1 



-1 l; 



\ 



-1 C+i/ 



Then the matrix Ml{1, z) is an M-matrix. 



8.2. Explicit form of the M-matrix of type Dn \ An explicit form of the M-matrix Ml(1,z) for 
Bl(D„ ) is described jKOTY| where the geometric crystal Bl(Du^) is as in Sect(B] 

For I = (h, l n ,l n -x, . . . Ji) G B L {D^ ] ), the M-matrix M L (l, z) is given as follows [KOTYj : M(l, z) 
is a 2n x 2n matrix in the form Ml(1, z) — A(l) + zB{l) + z 2 C{l) where each matrix A(l), B(l) and C(l) 
are given by C(l) = E\ 2n, 



(8.1) 



(8.2) 



( k 

ii 

J_ 

hn-\-l- 



A{i)ij =i r --u-i [ 1 



1 < i < n- 1, 
i = n, 
i = n + 1, 
n + 2 < i < 2n, 



1 < j < i < n - 1 , 



.*S8 
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(8.3) 


A(l) 2n +i 


-i 2n+i-i = Ij • • • h-x fl + r 1 1 < < i < n 


(8.4) 


Ml)n,j = 


Ij ■ ■ ■ l n 1 < j < n — 1 , 


(8.5) 


A{l) 2n+1 


-j,n — Ij ' ' In — X^n 1 — 3 — ^ 


(8.6) 


A{l) 2n +i 


-j,n+l =lj"' ln-l 1 < j < n - 1, 


(8.7) 


A{l) 2n +i 


= (ij ' ' ' in)(Ij ' ■ -In-l) 1 < j < n - 1, 


(8.8) 


A{l)i tj = 


otherwise. 



The matrix element B(l) hj is given by B(l) hj = A(l). lA A(l) 2n ,j - LA(l) hj - 8 l> i8^ 2n ( |KOTYj ). 



8.3. Matrix Realization. In terms of M-matrices, the involutions £q™\ E^, Eg m Sect[6]are realized 
by the adjoint action of certain matrices. 

Proposition 8.3. For each involution E^ (i = 0, 1, 2), there exists a non-singular matrix = J^ n \z) 
such that 

M L (4 n) (l),z) = j[ n \z)M L {l,z)jl n \z)~\ 
where the matrix J^ 1 ' does not depend on I . Each Jr 1 ' is as follows: 



J, 



(») 









Z \ 





E 2n 





z- 1 





o ! 



( E n 





) 





1 





1 


\ o 





E n ) 



r(«) 






z ■ E 2n 


E 2n 






where E m is the identity matrix of size m. The size of each matrix and Ml(1,z) is 2n + 2 

for % = and i = 1, and An for i = 2. Setting j| n) = J^ +1) j[ n+1 \= J<" +1) J<$™ +1) ) and j[ n) = 
(4 2n+1) 4 2n+1) )4 n+1 \= 4 n+1 \4 2n+1) 4 2n+1) )), ^ also have 

(8.9) M L {Y^\l),z) = J^M L {l,z)J^ rl (A; = 3,4). 

Proof. Since the involution Eq (resp. E^""*) coincides with the involution a± (resp. a„ ) in |KOTYj 
and the matrix Jq"^ (resp. j[ ) is identified with the matrix J\{z) (resp. J n {z)) as in |KOTY] . Thus, 
Lemma 3.10 in [KOTYj shows that our assertions for e!l (k = 0, 1) arc right. Then let us show the 
case k = 2. Since we have the explicit form of Ml(1,z) as in the last subsection, it is carried out by 
case-by-case calculations. For example, let us see the diagonal entries: 



M L (E 2 n \l),z) hl = i 



l/hn 

h/h 
h/h 

Ii-2„ ' 

fon 



1 = 1, 

+ zL 2<i<2n-l, 

i = 2n, 

i = 2n+ 1, 
zL 2n + 2<i<4n-l, 

i = An. 



Here note that the matrix M^(/, z) is a 4n x 4n-matrix. 
On the other-hand, the diagonal entries of the matrix 



M .-j n M L {l,z)J n -J n ^ M JJ n -y z -iM 2 M x ) 



TROPICAL R MAPS AND AFFINE GEOMETRIC CRYSTALS 



39 



are given by: 

{l/hn i = L 

l ^±^j- + zL 2<*<2n-l, 

li/ll i = 2n, 

{h/h i = 2n + l, 

l f^ + zL 2n + 2<i<4n-l, 
hn i = in. 

Then, we have Mi,(E^(Z), z)i.i = M' ii {= (jjp Ml(1, z)J$p The other cases are also obtained 

similarly. rj 

8.4. Birational maps on fixed point varieties. Let IZlk be the birational map defined by 

TZ LK : B L {D^ ] ) x B K (D$) -> B K (D$) x B L (D$) {L,K 6 C x ) 
(Z,m) ^ (i'.m'), 

where (£', to') be the unique solution of the equation Ml{1, z)Mk(jti, z) = Mk(1', z)Mh(m! ', z). Let x\ n ' L ' 
be one of the fixed point subvarieties in Bl(D^). 

Theorem 8.4. Let us denote TZ^ K the restriction of IZlk on JQ n x x\ n ' K \ Then TZ^k is a well- 
defined birational map x\ n ' L) x x[ n ' K) -> x\ nJ<) x x\ n ' L) (L, K e C x ). 

Proof. For (7,m) E X { ^ L) x x[ n ' K) , set (l',m') :=1Z(l,m), i.e., 
(8.10) M L (l, z)M K {m, z) = M K {1' , z)M L {m , z). 

We have 

M L (l,z)M K (m,z) = M L {^\l),z)M K {^\m),z) 

= jl n) M L (l,z)M K (m,z)J ( l nrl 

= 4 n) M K (l , ,z)M L (m',z)4 nrl 
= M K (^(l'),z)M L (4 n \m'),z). 

Then, we have 

M K (l',z)M L (m',z) = M K (4 n) (l'),z)M L (E\ n \m'),z). 

It follows from the uniqueness of the solution for (|8.10p that {V ,m') = (Y^ n \l'), (m')) and then we 
have (Z', to') eX$ n ' K) xX$ n ' L) . D 

9. Tropical R Maps 

In this section, we define the notion of tropical R map and give explicit forms of the affine tropical R 
maps on the geometric crystals constructed above. 

9.1. Definition of tropical R map. 

Definition 9.1. Let {(X\, {ef}, {j*}, {£^})}agA be a family of geometric crystals equipped with the 
product structures, where A is a certain index set and its element is called a spectral parameter. A 
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birational map TZx^ : X\ x — > x X\ (A, fi G A) is said to be a tropical R map (or shortly, tropical 
R) if it satisfies the following conditions: 



(9.1) (ef" xXx ) c o K Xn = TZ X(1 o (ef AxX -) c , 

(9.2) ef x * X »=ef» xXx o1l XlM 

(9.3) 7 f AXX " =7f" XXx °^, 

(9.4) 11^11^11^ = n^K^K^ on X A x X M x X, 

(9.5) T^a^ = id AM • 



for any is/ and any \,n,v G A. Here TZS 1 ^ means that it acts on i-th and j-th components of the 
product. 

In the rest of this section, we give the explicit forms of the tropical 1Z for the affine geometric crystals. 



9.2. case (n > 4). Let H LK : B L (D$) X B K (D$) -» M-Dn) x 6 L (^ } ) (L,K G C x ) be 

the birational map as in 18.41 In |KOTY| . it is shown that the morphism IZlm is a tropical R map for 
{B L {D { n ] )} LeC x. We shall describe the explicit form of K LM . Let (t : B L (D^) -> B L (D n 1] ) be an 
involution defined by 

(9.6) (t(Zi, h, ■ ■ ■ , l n , In— it ■ ■ ■ ,h, h) = (h,h, ■ ■ ■ , In, ln-i, ■ ■ ■ , h, h), 

that is, )t : h «-> h and * : B^dS ) x fij^D^) -> B M (D n 1] ) x B L {D n 1] ) an involution defined by 

((Zi.fei ■ ■ - MM), (mi,m 2 , . . . ,m 2 ,mi))* = ((mi,m 2 , . . .,m 2 ,m 1 ), (Ii,Z 2 , . • . ,h,h)) 

that is, * : Zj <-> m^, Zj <-> m, (1 < i < n — 1), Z n <-> m„. 

Following [KOTYj , we define the rational functions Vj (« = 0, 1, . . . , n — 1) and Wi [i = 1, . . . , n — 1) 
on 6 L (Z?i 1} ) x SmOD^) (i,M G C x ) by 

Wi — ViVi* + {M -L)Vi* + {L-M)Vi (!<»<»- 2), W„_i := 



n— 2 



(9.7) V* = ^(^(Z,™) +^.(Z,m)) + ^(^(Z,m) +< J (Z,m)), 

where we set L = Z1Z2 • ■ -hh, M = m\m,2 ■ ■ ■ni'xrax, 



(9.8) 



i,j(l,m) = < 



<3<i, 



M ' ' for i + 1 < j < n - 2, 



K k=i+l 



(9.9) 



li(W = MIIr](nr] fOT i = i 



\k=l 



Z fe 
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(9.10) 



M n 

k=j+i 



TTlk 1 / tn 



h j V h 



rn,j(l,m) = < 



M TT = 



i' n-1 



/fc \ / rrij 



m n =r < 



vfc=i+l 



m fc 



for 1 < j < i, 

for i+l<i<n — 1, 
for j = r;,, 



(9.11) 



Mn^nn 



\k=l 



J 

'n-1 



n?](n?](r 



for 1 < j < n — 1, 



for j = n. 



Remark. Though Wi seems not to be a positive rational function, it is, indeed, positive by the formula ( 
|KOTY] Lemma 4.14): 



k mil mi L 



Now, we introduce the following rational transformation 1Z on (C > 



x (C x ) 2 



K{l,m) = {l',m% 



Vi-xWi 



mi \ T X (2 < i < n — 1), 



(9.12) 



where L = mi — -, L = mi — , L = m, 

1 V 1 1 *ViWi-i 1 Vi 

il V n -i , j Vq _, - V Q 

l n = m nT^—, m 1 = h—, m x =h—, 

V n-1 V l V l 

V* 1 - W i Wi V* , 

m',=h :r2 (2<*<n-l), m{, = i n - B - 1 



I 



'Vn-l 



Here note that for (/', to') = to) we have l'^ ■ ■ ■ = M and m! x m! 2 • • ■ m' 2 m' 1 = L. Then 1Z defines 
a rational map BL(Dn^) x Bm{D u iS> ) — ► Z?m(-D1 1 ' ) ) x Bj,(.Dn )■ The following is one of the main results 
in [KOTYj : 

Theorem 9.2 f |KUTYj ). 27ie raiiona/ map K = K LM : B L {D n 1] ) x B M {D n X) ) — > B M {D n 1] ) x B L (D n 1] ) 
gives a tropical R map of type D^P on the family of affine geometric crystals, which will be denoted by 
IZ(Dn^) in the sequel. 



Here we describe the tropical R on V(D n ly ) L x V(D^) M - K{x,y) ■= (S,S) o K o (H _1 , S _1 )(x, y) 
(x e V(Z)i 1) ) L , y S VC-D^^m). We define the rational functions F^ (i = 0,1,..., n - 1) and Wi 
(i = 1, . . . ,n - 1) on V(-Di 1} ) L x V(^1 1) ) M (i, A/eC x ) by 

Wi := ViV* + (M - L)F* + (L - M)Fj (1 < * < n - 2), W„_i := F^iF^. 



n-2 



(9.13) 



J'=l 
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where jj is the involution on V(Du^)l and * is the involution V(Du^)l xV(-Dn )m - * V(-Dn )m><V(d4 1 )i 
defined by 

X -^z- (i = l---,n) ,g, i-> - X% _ (i = !,■■■ ,n-2), 



Lx\X\ Lx\X\ 

1 1 1 1 

My i Myi My n My n -i 

11, , 1 1 



and 

9ij(x,y) := L^i- (1 < j < * < n - 1), e n - ltj {x,y) := (l<j<n-l), 

6 itj {x,y):=M^- (i+l<j<n-2), t^x, y) := (0<i<n-2), e'^&y) := M^, 

Xj Ui Xj yi Xj y n 

fj. j ( x ,y):=L 1 - s ^^^± (l<j<i<n-l), rj n _ ld (x,y) := ^- ^xj-^ , , . , „ 1: . 

Vi,j{x, y )■= jj— — (0 < i <j < n- 2), % n _i{x,y) = M— + 1 < n - 1), 

Vi,n( x >v) -=M XlVn (i<n-2), rj n _ hn (x,y) -=M— —, 

•^"n—lVi %n — l 

rf itj ( X) y) ~L s ^M _ XiViVj (1 < j < n - 2, i < n - 1), (*, y) := L s ^M _ XnViVj (1 < j < n 
Vi,n-i{x,y) :=M- (0<«<n-l), r\ n _ x „_i(x, y) := M- , 

Xn-2y n -2Vi X n - 2 y n -2 

rfi,n( x >y) -= M \ (0<i<n-l), C-i.nC^J/) :=lJ ^T L ' 

where we understand xo = = = yo = 1* Note that in the rest of this section if we write 9ij — j , 

_/ —/LM . , , ,LM —LM —ML —/LM 

d ij = 9 i,j ' % = Vi,f and % = Vi,j . we understand that 0^ (x,y)* = 0^ ((x,y)*), (x,y)* = 



Set K = K(D { n } ): H(x,y) = (x',y') where 

Vi _ VjWi , V* n -i , V n -x 

x l :=y l = r , x t :=y , (1 < i < n - 2) x n _ 1 := y„_ a -^=— , x„:=y n ^^, 

V^Wl _-Vv , _ Fn-iWj , _ Vn-iWx 
Vi ■— x i = - , 2/i ■— ^1=5" (.J- i » i » *), Vn-1 ■— X n -1 a , y n ■— X n „ ; . 

V\Wi v, vlw n -i V s W n -i 

9.3. Tropical R for £?„ (n > 2). By applying the method of folding, we shall obtain an explicit form 
of the tropical R for {B^Bn )}LeC x and {V(i?ri 1 ^)L}Lgc x • Indeed, it follows from Theorem l8.4l that we 
have the birational map RiB^) = Rlk{B^) : x[ n ' L) x X^'^ -> x[ n ' K) x x[ n,L) . Let us see that 
Rlk{Bu) is a tropical R. 

Lemma 9.3. The birational map is a tropical R on the Bn -geometric crystals {x[ n }l. 

Proof. It suffices to show ([93 ]) - ([93 )1 in Definition O The relations (J9JJ) and ([9T5J) for 1Z(B^ ] ) are 
obtained from the one for ^(D^i). The others are easily shown since ^(D^j^) commutes with the 
actions of e\ and preserves % and £j (i £ I), and the data (ef " ) c , 7^™ and ef " on are defined 



as in Proposition [673] rj 
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Now let us describe the explicit form of tropical R on Bl(Bu^)- Set IZ(Bn') :={r] l ,rj : ) o R(Bn') o 
(77, 77) where 77 is as in E2J Let (t : B l {b£ ] ) -> B l {b£ ] ) be an involution defined by 



(9.14) 



jj(Zl, Z 2 , • ■ ■ i Z„, Z n , ■ ■ ■ j ^2, Zl) — (hjh, ■ ■ ■ ,ln,ln, ■ ■ ■ ,h,h), 



that is, ft : Zi Zi. Let * : B L (B^) x B M {B%>) -»■ B M {B^') x B L {B%>) be an involution defined by 

((Zi,Z 2 , • ■ • J2J1), (m 1 ,m 2 , ■ . . ,m 2 ,mi))* = ((mi,m 2 , . . .,ro 2 ,mi), (Zi,Z 2 , ■ ■ ^hJi)) 

that is, * : Z 2 ; <-> mi, Zj <-> m, (1 < i < 77). 

Restricting the functions Vi and Wi for i^S.j to Z n+ i = m n +i = 1, we define the rational functions Vt 
(i = 0,l,...,n) and Wi (i = 1, . . . , n) on B L {B ( n ] ) xB M {B^ ] ) (L,A/gC x ) as 

Wi := ViV* + (M - L)V* + (L — M)Vi (l<i<n-l), W„ := 7„F„*. 



? (D 



n+l 



(9.15) 

where L = Z1Z2 • ■ - fall, M = m\mi ■ ■ -m^mi, 



3=1 j=l 



(9.16) 



L ' ^ forl<i<i, 



,j(l,m) = < 



k=j+i 



M ]\ — for i+l< j <n-l, 



fc=i+l 



7777,. 



(9.17) 



UW^HIrKIIr] fOT i = i.-.n-i, 



TTTfc 

Zfc 



(9.18) 



(9.19) 



r) itj (l,m) = < 



Ik \ f m 



m,k j V I 



m n = 



?77fc 



for 1 < j < i, 
for i + 1 < j < n, 
for j = n + l, 



m k \ f I 



\k=l 
L 



\k=l 



=r for 1 <j < 77, 

TO, 



TOfc 



TTTfc 

Zft 



Now, we define the tropical R map K{B ( n ] ) on /3 L (£n } ) x B M (B ( n ] ) by 



7l(5W)(J,m) = (J / ,m / ) where 



(9.20) 



ii = mi — — , ti = mi — , t< = m, 



, t.j = TO,; (2 < 7 < 77,), 



TOi = 1 1 , 777,1 = ti — — , 777, = , TO,- = ti 2 < 7 < 77 . 

Here note that for (I', m') = TZ(l, to) we have Z^Z 2 • • •Z 2 Z 1 = A'/ and to^to^ • ■ ■m 2 m' 1 = L. 
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We shall describe the tropical R map on V{Bn )l x V(-E?n )m defined by TZ(x,y) := (3, S) olZ(B n ') o 
(E- 1 ,E- 1 )(x,y) (x S V(B { n ] ) L , y 6 V(B, ( l 1) ) A /)- Restricting the rational functions Vi and Wi for 
to x n = x n+ i and y„ = y n +i, wc define the rational functions Vi (i = 0, 1, . . . , n) and Wi (i = 1, . . . , n) 
on V(si 1} ) L x V(si 1) ) M (i,M G C x ) by 

TF, := FiF* + (M - L)V* + {L- M)Vi (1<*<ti-1), TF„:=F„F*- 



n— 1 n+1 

(9-21) F 4 = ^QSijfay) +e' i>j {x,y)) + j^fajfay) + rf itj (x,y)), 

where fl is the involution on V{Bn^ ) l and * is the involution V{Bn^ )l x V{Bn^ ) m — > V^i 1 ^ ) m X V(-B^ )l 
defined by 

(i = !,-•• ,n), Xj >-> (i = 1, ■ •■ ,n - 1), 



Lx\X\ Lx\X\ 

1 - 1 C 1 n 1 

, x,- 1— > U = n— 1), x„ i— > , 

1 1 .1 



and 



Lxi Lxi TjXji 

9 itj (x, y) := (j < i < n, j < n), ^,,(x, y) := (i < j < »), 

e' itj (x,y):=M^L (l<j<n), ^-(x,y) ~tf-^ ^t^td (1 < j <i <n,j <n), 

Xj ]Ji Xj Xj TJi 

%j\ x >y) -= JTT — (0<«<J<n), T] ln {x,y)=M - (0 < i < n), 

fi,r.4-i(l 1 !/) : = M r7 (i<n), 

ff itj (x,y) :=L 5 ^M _ XiVjVi (1 < j < n, i < n), rf nn+ i(x, y) := L, 
Xj-iVj-iVi 

r? i>n (x,y):=M _ ^" (0 < i < n), rf iin+1 (x,y) := (0 < * < »), 

where we understand xo = xq = yo = y = 1. Note that as above e.g., 

e id {x, v y :=ef*\x, y y = 9^((x, y y). 

Here we define lZ(x, y) = TZ(B„ )(x, y) = (x', y') where 

Xi-=yi=- (l<a<n-l) x„:=y„=^, Xj^y^, x, := y.^W > 2), 

yi~ x i=T, Vi -= x i _h y l :=x l = r (l<i<n-l), y„ :=x» _. . 

< Vt vl\V n 

9.4. Tropical R for (n > 2). As in the previous subsection, we shall describe tropical R maps of 

type -D^Xi- We see the following lemma for {X^ 1 ' }iec x ■ 



Lemma 9.4. T"/ie birational map ^D^^) is a tropical R map on {X^ 1 } 



L ■ 
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The proof is the same as the one for Lemma 

(2) 

Let us describe the explicit form of tropical R on Bl(D^ 1 ! 1 ) as in the previous subsection. Set 



n{D^ +1 ) := (TTVr 1 ) R ( D n+l) ° M where r, is as in El Let * : B L (DJ# X ) X 8^(^+1) - 
Sm(-D„+i) x Z?l(£>„ h _ 1 ) be an involution defined by 

((lo,h, . . ■ MM), (mo, mi, . ■ . ,m 2 ,mi))* = ((mo,mi,m 2 , ■ • .,m 2 ,mi), (Z ,7i,7 2 , ■ ■ -^2,^1)) 
that is, * : Iq «-> mo and Z, «-> mj, 7, <->• m, (1 < i < n). 

Restricting the functions Vi and Wi for to Zi = 7i and mi = mi, and replacing X, with Xj_i 

where X — 1,1, m, and m, we define the rational functions Vi (i = 0, 1, . . . , n+ 1) and (i = 1, . . . , 11+ 1) 
on B L (D^l x ) x Z?Mpi+i) (L,M G C x ) as 

W< := W + (Af - L)^* + (L - M)Vj (1 < i < n), W„+i := K+iK+i- 



l( 2 ) 



l( 2 ) 



,(2) 



ri+2 



(9.22) 



^ = ^(8i,j(hm) + e' iJ (l,m)) + ^2(Vi,j(l,m) +< J -(Z,m)), 



where L = ZqZi^ • • • Z2 Zi , M = m§mim2 • • •rn^ffii, 

( i-l 

mk 

Ik 



(9.23) 



(9.24) 



i,j(l,m) = < 



L II ^ for 1 < j < i < n + 1, 

k=j 1 
J- 1 7 

M ] J — for < i < j < 



< k- 

'i-1 



mk 



; j(i , m) = i(n - )(n ^] for j = h 



Kk=0 lk 



\k=0 



(9.25) 



(9.26) 



i-l 



m k 1 I mj-i 



Z7-1 



i]i,j(l,m) = < 



m ( n ^ 

\fc=i 



m k J \ lj-i 



for 1 < j < z < n + 1 , 

for i + 1 < j < n + 1 , 
for j = n + 2, 



Vi,j(l,m) = < 



\k=0 

M 



Ln h / Wj-1 



/i-l 



for l<j<n+L 



n^lln^l <» i = „ + 2, 



\k=0 



\k=0 



rnk 
lk 



where we understand Iq = lo^mo — rno. Now, we define the tropical R map TZyD^li) on Sl(-D^J-i) x 
Bm(D%) by 



n(D^l{)(l, m) = (l\ m!) where 
V 



(9.27) 



ViW i+1 



Vi 



l+i 



(1 < i < n), 



( 2 ) 2 — ' — ' 2 

Here note that for (I', m!) = 72.(D„_l 1 )(Z, m) we have Z I'M • • • Z 2 Zi = M and m m^m^ • • •m^mj = £. 
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Next, we shall describe the tropical R on V^j^L x V{D^ ] +1 )m defined by TZ(x, y):=(E, Z)oK(D^l 1 )o 
(Z-\Z-i)(x,y) (x G V{D^ +1 )l, y G V{D^ +1 ) M ). 

In this case, we replace L (resp. M) for Bl^D^^) (resp. £>m(-D1+i)) with L 2 (resp. A/ 2 ) since 
V{D^ +1 ) L <* B L ,{D^ +1 ) as inEl _ _ 

We define the rational functions Vi(x, y) (i = 0, 1, . . . , n + 1) and Wi(x, y) (i = 1, . . . , n + 1) on 
Vpi 2 ]i)L x V( J D I ( l 2 ] 1 ) M (L,M G C x ) by 

W« := + (M 2 - L 2 )F* + (L 2 - M 2 )V l (1 < i < n), W n+1 := 



Tl + 2 



(9.28) 



where * is the involution V{D^ ] +l ) L x V(L», ( 1 2 ] 1 ) M -> V(D^ 1 ) Af x V(L>i 2 ] 1 ) L defined by 



and 



Xq i-> 2/o, 



// 2 



(i = 1,- • • ,n- 1), x„ 



y 2 



L Xi 



(i = !,••■ ,n- 1), 2/,, 



M 2 2/„' 

^2 



L 2 x Tl 



i(x,y) 



(H) fe) (l<J<i<n + l,i< 

M (fo) 



2 \ 



(0<i<j< n), 

(1 < 3 < n), 



Xj-iyi-i 



Xj-iVi-i 

L 2{l-S j , a ) y Si.i+Ss.» ( xo\ 5 *' l5lA ^-1^-2^-2 (1< < » < n + 1) 



ViAx,y) ■= < 



M 



<5i,o+<Si,i 



Xj-iXj-iDi-i 



{i + 1 < j < n + 1), 



M 2 " (j = n + 2), 

x f^)" ' T j; (Kj<n), 



Vi,j(x,y) ■= < 



fe) 



(j = n + l), 
(i = n + 2). 



y«-ix„ 

where we understand a;_i = — V-i = V o = 1 ancl = V n = 2M- 
Here we define TZ(x, y) = n{D^ ) +1 ){x, y) = (x', y') by 

Vi , ViV l+ i n . . , , _ ViW l+l 

x o ■= VOjj- x t := yi _ 2 (1 < i < n) x t := y t = — =- 

2/o : = ^o^ 3 -, Vi ■= Xi ^ 1 (1 < i < u), f • :=Xjz^- (1 <i <n - 1). 



(1 < i < n - 1), 



+ i 



V i+1 



9.5. Tropical R for A^-i (n > 3). We shall describe tropical R's of type A^_ x . We see the following 
lemma for {Xj 1 ' L '}lsC x • 



(2) 



Lemma 9.5. The birational map R(A^l-i) is a tropical R map on {X^'^^l 



.(n,L)-| 
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The proof is the same as the one for Lemma 

Let us describe the explicit form of tropical R on Bl(A^-±)- Set 7?-(4n-i) := (v -1 ! V^ 1 ) ° -^(-^2n-i 



. (2) 



l (2) 



(2) 



(77,77) where 77 is as in 16.51 

Let be the involution on Sl(4«-i) defined by ft : Zi <-> 7i for I = (h,--- ,Zi) € Bl(^4^_ 1 ) and 
* : B L (4?Li) x B M (4n-i) -» Sm(4 2 2-i) x Bi(4n-i) an involution defined by 

((Zi,Z 2 , ■ ■ ■ J2J1), (m 1 ,m 2 , . . . ,m 2 ,mi))* = ((mi,m 2 , . . .,m 2l m 1 ), (Zi,Z 2 , ■ ■ ■ J2J1)) 

that is, * : Zj «-» m,, I, <-> nij (1 < 7 < 77). 

Restricting the functions V, and for to ,L x Xj™'^ 1 \ we define the rational functions Vi 
(i = 0, 1, . . . , n) and W, (i = 1, . . . , n) on B L (A^_j) x B M (4^-i) (A M G C x ) as 

W< := V^V/ + (M 2 - L 2 )^* + (L 2 - M 2 )Vi (1 < i < n). 



2n-2 



2» 



(9.29) 



3=1 3=1 



where L 2 = Un(U7=i hh) 2 , M 2 = m n m n (Uti A := 

0i,j{l,m) 



l 2 n -=— a 

fe=J+l Zfc 



and 

1 < j < i < n, 
< i < j < n, 



A/2 TT 

kti+i mk 

LM ( f[ C TT~ 1 A ^, j2»- j (m 2n __ j +m 2 »_ j ) < < < _ 



\fe=l 



£2 in?)in 



.^(Z.m) = < 



Kk=l 



2* ] A*- (l+J^LV' 



fe=i 

m fe \ / TT Zfe \ .5. m2n-j{hn-j + fan-j) 



«'(nf )( n s-)a 



j rrifc / hn~j{m 2 n-j + m 2n -j) 



j < n, 



n < j. 



T]ij(l,m) = < 



i m k J \ lj 



k=i+l 



kfc=i ifc / 



"'(n?)( n 



^2n-j 



Vfe=l 



fc=l 



'fc / (Z 2 n-j + l + hn-j+l)lTl2n-j + l 



1 < j < i < n, 

i < j < n, 

i <n, j = n+l 

i < n + 1 < j < 277 - 1 , 

i < j = 2n. 
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//v 



Kk=l 



Ik 



(1 + fj,(m))n(m) 



\k=l 



h \ \S in (hn-j+l + hn-j+l)fn2n-j + l 



. fe=l 



{min-j + l + 1^271- j + l)hn-j + l 



V, 1 ^ ifc ) ™i 



\k=l 



Now, wc define the tropical R %{A^_ X ): <M^2n-i) x ^/(A^) -> B M (^2n-i) x B L (A y ^_ x ) by 
^•(^2n-i)(^w) = (/',m') where 

— , 1, = ^^-, Z i = m i — (1 <,<»-!), 



,(2) 



(2) 



, (2) 



1 < i < n, 

j = n+ 1, 

n + 1 < j < 2n — 1, 

j = 2n. 

, (2) 



I 



rrinVn^Wn 



(1 + n(m))V n W n - 



1 



m n W n -i 



/i(m) , Z 



m n V n -i 



(1 + / u(m))K \ m n W n 



. m n W n -i , 
1 H TT^/J,(m) , 



in) 



(2 < i < n - 1), 



/ I/* 



i + ^ip(0 

Z ra W„ 



Here note that for (V, m!) = ft^n-iX*) m ) we have (^2 ' ' ■ 'n-iC-i ' ' 1 Vi? l 'Jn = Aj2 and 
(mim' 2 • • • m^ 1 m , B -i • ■ ■m' 2 m' 1 ) 2 rn' n m' n = L 2 



LV^Wn 



n (i+-p(i))v*w n . 



lnW n 



l n W n - 



m(0 



Next, we shall describe tropical R on V^l^n-i)^ x ^(^2n-i)-^- Let * be the involution V(A^_ 1 )l 



(2) 



l(2) 



V(41i)m -» V(Atl-i)M x ViA^L defined by 



| (2) 



(2) 



1 



1 



" 5 X% 



M 2 y^ MV 
and [j the involution on V{A 2 ^_i)l defined by 

X% X% 



L 2 x, ' Vl 



L 2 a 



(i = !,■■• ,n) 



L 2 x 



iXi 



L 2 x 



iXi 



(i = !,■•■ ,n - 1), z r 



(i 2 X!X!) 2 



We define the rational functions Vi(x, y) (i = 0, 1, . . . , n) and Wj(ai, y) (i = 1, . . . , n) on V(A 2 „_ 1 )x 
V(41i)a/ (£,M6C x )by 

2n-2 2n 
3=1 3=1 

Wi := ViV* + (M 2 - L 2 )V* + (L 2 - M 2 )F, (1 < i < n), 



LXn— lXn— 1 



mO) \ My) - 



2/n 



A , = l+£(g) v . = 1_Km(x) 



l+7*(v) 



Myn-lVn-t 

1 + 7*(x) ' 
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\5»,n(l-<5«,j) x x 
(A) ' n ~ ' 



(l<j<i< n), 
(0<i<j< n), 



M3 aia3 „- J .- 1 (» 3 „- J .- 1 „ a „_ j _ 1 +„ a „_ J .„ a „_ 3 .) / s ^ ( i<n< j <2 n-2), 



^ij/2n-j-l(l + 



G 2ra-j-l :E 2Ti-j — 1 > 



y J V V2n-jV2n-j 



A 



ViXjXj 



A d 



Lx n y n _ 
x n -i 



I. M- r " 1 (/.;r„)^- 



M 3 x 



L y 



X n -1 \X„-1 ) 



Si„ 



□ 



Af 3 x iV2 n -j 1+ «2 



»2n-j + iy2Ti-j+l 



i ViX 2n ~j X i *2n-j 

a=2n-i+l :c 2, 1 -j + l 

A/ x 



(n<j<2n- 2), 

(1 < j < i < n), 
(i < j < n), 

(0 < i < n, j = n+ 1), 
(0 < i < n < j < 2n - 1), 

(0 < i < n < j = 2n), 



ViXn \X n -l_ J 

t *, r xiy2 n - 3 ( 1+ 



L ^ M 2 *wvj (fa A ) 8i -( 1 \ 5i ' n (l<j< n ), 

ViVj-lXj-i \x n -i ^ J \My n J V —J — ll 

V 



X2n-j x 2n-j 



yix 2 „ 



V + ^2,i-j + lJ=2n-j + l ) ( y n -l A \ 
H2n-j + lB2n-3 + l ^ U„_i I 

V «2„-J«2„-i J 

LM 3EmVx ( tm=i A ) i,n 



(j = n+l), 
(n + l<j< 2n-l), 
(j = 2n), 



where we understand = xo = yo — J/o = 1' = x n an d y„ = t/„ 



(2) 

Here we define TZ(x,y) = TZ(A 2r l_ 1 )(x,y) = (x',y') by 



:= yiTT ' X i := ^ T7T77 1)) x n = Vn— 2 r~ J-T 

v v l w 1 v n -\V n w{ l + v(y) 



H{x) 



— * — — 2 i , W n -i 

VjWi _, _V Q , Vq 1 + -WT 

yi-= x i—* yi-=Xi=s (l<«<n-l), y n =x n = i — — — — —j- — . 

9.6. Tropical R for A 1 ^ (n > 2). We shall describe tropical R's of type . We see the following 
lemma for {^2" ^lieC* ■ 

Lemma 9.6. The birational map R(A^) is a tropical R map on the A^ -geometric crystal {X^ 1 ' L ^}l- 



The proof is the same as the one for Lemma 19.31 

Let us describe the explicit form of tropical R on Bl(A^). Set TL(A^l) := {r/~ 1 i r l^ 1 ) R{^2n ) (v> v) 
where 77 is as in 16.61 

Let * : B L (A { ^) x B M (A^) -> B M (^) x B L (A^) be the involution defined by 
((lo,h ■ •• ,h ,h), (m , mi,TO 2 , . . . ,m 2 , mi))* = ((m , mi,m 2 , . . . , m 2 , mi), (lo Ji ,I 2 , • • • , h, h)) 
that is, * : Iq <-> mo, ^; <-> m^, 7^ <->• m^ (1 < i < n). 
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Restricting the functions Vi and Wi for -A^n+i *° -^l"'^" 1 x X^ L ' nl> , we define the rational functions Vi 
(i = 0,1,..., 72+ 1) and Wi (i = l,...,n + 1) on B L {A { ^) x B A /(4n) {L,M € C x ) as 
W 4 := KV? + (A/ 2 - £ 2 )t? + (i 2 - Af a )V 4 (1 < » < n + 1), 

2n 2ra+2 

^ = ^(6i,iihm) + 6' iij (l,m)) + ^ (Vi,j(l,m) + ^.(Z,m)), 
i=i i=i 

where L 2 = lj n {ll Y\^Zi l ik) 2 , M 2 = m n m n {m\ mmi) 2 , A := j$=r^), and 



(n,L) v v (n,M) 



i,j(l,m) 



A/2 TT JL A -W 

-L J. 77-1 



K /i-l _ \ /2n-j 

Wn?)(n 



l<j<i<n + l, 
0<i<j<n + l, 



\k=0 



fe=0 



m fc j A ^,„+i ^n-j + l(m 2 n-j+l + mgn-j+l) Q < Z < n + 1< j. 
'fc / (^ra-j+l + hn-j + l)m2n-j + l 



^in^iin+iA 



^fc=0 



1 + /j(m) 



'i-1 \ /2n-j 



I A*. ~+l m 2ri-j + l('2n-j + l + ^n-j+l) 



Vfc=0 
i-1 



k=0 



hn-j+l(m2n-j+l + ^2n-j+l) 



j<n + l, 



n+Kj. 



^ n 

A/ 2 f TT 



h \ frfij- 



=i m k ) \ 

\ Al-1 



r]ij(l,m) = < 



- nf nf awl 



Vfc=0 



\ /2n-j+l 



«'(nf )( n 



™2n-j + 2 



fc=0 



\fc=0 

-'(if) a- 



m fc j »»2n-J+2 
i2n-j + 2 



+ 1 



/i-1 



771k \ I I 



\k=0 



Ik I \m 



n? n 



vfc=o 

/i-1 



«'inf M n £)a 



vfc=o y 

/2n-j+l 



A 5< .»+ 1 7l(m)^'"+ 1 
(1 + (jL(m))n(m) 



h \ ,j in M (^2n-j+2 + l2n-j+2)n r l2n-j+2 



\k=0 
'i-1 



™fc \ a a*. 



fc=0 



m fc 



{m2n-j+2 + rn2n-j+2)l2n-j+2 



1 < j < *, 

< i < i < n + 1, 
0<i<n + l,j' = n + 2 
0<«<n + 2<j<2n+l, 

1 <n + l,j = 2n + 2. 

1 < j < n + 1, 
i = n + 2, 
n + 2 < j <2n+ 1, 



where we understand Zq = and mo = mo. 



j = 2n + 2, 
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Now, we define the tropical R TZ(A^): B L {A ( £) x S M (4») ~> B m{A { £) x B l {A^) by 
^(^JO.m) = (Z',m') where 

'o = to ott, li = mi— — — , l i = mi- — (l<«<n-l), 

m n V n W n+1 ( m n W n+1 _ \ -i fn n V„ ( m n W n 



n (l + ^HJK+iWn V rn n W n ^ y V n (1 + /I(to))K+i V m n W n+ 
, ,V , V* _, - V*W%\ 

m =l y*, m * = k ^-' m * = k y* W {n) (1 

InV* A , Z„W„ _ m \ _, InK*^n+l A , 7nW„+i 



n (l + K/RVil 7' n (i + /i(0K* +1 w„ V i»w„ 

Here note that for (Z', m') = Tl(A^)(l, m) we have (l[l' 2 ■ ■ ■ C-iC-i ' ' ~^\) 2l 'Jn = m2 and 
(m! 1 m! 2 ■ ■ ■ rn' n _-Jn' n _i ■ ■ ■rn' 2 m' 1 ) 2 m' n rn' n = L 2 . 

Next, we shall describe tropical R on V(A 2 ^)j J x V(A^)m- Let * be the involution V(A^I)l x 
V(4n)M -» V(4 2 „V x V(4' ) )l defined by x Q «-> y a and 

2 9 4 2 9 4 

wo — yo »o — x o / • 1 1 \ 



M 2 y i ' M^,' MV' * £ 2 *i i 2 ^i i 2 ^ 

We define the rational functions Vi(x,y) (i = 0, 1, . . . , n+1) and Wi(x, y) (i = 1, . . . , n+1) on V(A^)l 
V(4 2 „V (i,i/£C x ) by 

2n 2n+2 

V. = ^^(^ij { x i y) + (^i y)) + ^iA x 'V) +tfi,j( x >y))> 

3=1 J = l 

:= F l F* l + (M 2 - L 2 )V* + (L 2 - M 2 )V t (1 < % < n + 1), 

m(^) := 7 — ^rz — = m(Xt\ : = 77 Vn - — = T^yy 1 , 

Lx n -\X n -x My n _ 1 y n _ 1 

A _ 1+ 71(g) = l + Mx) D ._ 1 + 

l+77(y)' ' l + /i(y)' ' 1 + 



{x,y) 



■ L , ( j^y +i " (&i A y a <,<«„+ 1), 

M 2 ^i^i ^A-i) («>) (0<i<j<n + l), 

LM fizi ( _^2n-i ^ f^iA) (i<n+l<i<2n), 

1 H 93 — — / \ Si n + 1 / \ Si Q-\~6i 1—Sj 2n 

LM Xi ~ iy2n - J L >-* n *w-i*w-i ( VJ1 A ) (^) (n + l<j<2n), 

yi-ix 2n -jl-\ „ y^-ivi-n-jj \ Xn J \xaj 

M J. 2 ™y2„ + l-jy2r,+ l-j 
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L 2+^, n+1 -2f,-, 3 Xi-Wj-2Xj-2 ( Vn-1 A 
yi — \Xj — \Xj — \ \%n— 1 



2/o 

M 2 £ g,-,„ +1 -2^, 2 Xj-iyj-2Xj-2 Xp gfo.n+i 

//, !-'\ :~, I j,**.o+**.i-*J.i-«5i,a ™ 

<5i,n + l / \ <5i,0+5,.l 



A/ 3 



M 3 Xi-iy 2n _ j+1 



1 



y27i-j+iy 2n -j+i 



□ 



£ Ift-xaan-i+i 1 + :E2 "- J+1 - 2 "- J+1 

X2n.-j+2X2n-j+2 



Vn-l 



A 



«i,„ H 



5i,o+<5i,i 



Z/i-i 1 



2/n-l 



*^n — 1 



LM 



-A 



Vi-i \x n -i 

xj-iVj-i 



9i,j(x,y): 



Xq 

yo 

l+Si,o+Si,i 



5;,o+<5;,i 



-2Vj-2 L 2S J " + 1 Xn Sj ' 1 yn j ' 



L M 



Xi-\y n -\X n -\ I Vn-l 



LM 



LM 



LM 



Vi-lXn 
Xj-iy2n-j+l 



1 



Vo 

<5;,n + i 

-A ' 

%n—l 

X2n-j + lX2n-j + l 
%2n~j + 2X2n-j + 2 



My r 



a; n _iy„V 



Vi-ixzn-j+i (i + y^-j+2y 2n - J+ 2 
\ y2 n -j+iy 2n - j+ i 

, Si,n+1 

L 2 x±xi 



Vn-l 



A 



•En — 1 



; 

v 



(1 <j < i < n + 1), 
(0 < i < j < n + 1), 
(0 < i < j = 7i + 2), 
(i < n+ l,n + 2 < j < 2n) 

(i<n + l,j = 2n + l), 
(« < n + l,j = 2n + 2), 



(1< j<n+l), 

(j =72+2) 

(n + 1< j < 2n), 



«i,0+«i,l 



1 



2M-1 



<5»,„+l 



Xi-1 I Vn-l 



-A 



yo 

l+S,,o+Si,i 



-l+Si, +8i,i 



Vi-1 \%n-l 

where we understand that To = xo, y = yo and X-\ 
K(x,y)=K(A ( £)(x,y) = (x' 1 y>)by 

ViVi+i _, 



X-X 



= 277+1), 
(j = 277 + 2), 

7/_i = y_j = 1. Here we define 



Vi 
v o 



: Vi 



Vo 



_ ViW i+1 



' y„y„+iW F i 2 



+ ^&±l) (i + ,(.))- 



r, 



2/o 



x 



</; 



Vo 

_(K) 2 



5C / 



V 2 W l+1 



V 



(1 < i < 77 - 1), 



t+i 



i + =&') (i + M-))- 1 



9.7. Uniqueness of the tropical R-maps. 

Theorem 9.7. Lei 7?. be the tropical R as introduced in this section. Set zq := 72.(1, 1). Let TV be a 
tropical R such that 72'(1, 1) = zo- Then we have 1Z = TZ' as birational maps. 

Proof. Let Vi,V m {l,m £ C x ) be the affine geometric crystals constructed in Sect(5] By Theorem 15.41 
and Theorem 17. 1[ we have that UD^g lt g m -)(Vi(g) x V TO (fl)) is isomorphic to the crystal B oc (q l ) <g) B 00 (g i ), 
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where 81 is the positive structure as in 15.101 Since i?oo(fl L ) ® B 00 (g L ) is connected, Vj(fl) x V m (fl) is 
prehomogeneous by Theorem 13.31 Therefore, by Lemma [3.21 wc obtain 7Z = 1Z', which completes the 
proof of Theorem 19.71 rj 
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